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2.1.1 Uþ¼ê§Ïf�äL«

�Ä��ÚOÔnXÚ§§�¹N�âf§ù
âfØUUCÙ �§�

k�C�SÜ�*G�"��Bå�§b½z�âf£i = 1, 2, . . . , N¤��

*G�´©á���kü��U��§̂ g^σi = +1Úσi = −15L«"N

�âfg^��8Ü�¤XÚ����*�.§(σ1, σ2, . . . , σN )"XÚ��

*�.�oê8�2N"3�Ö±��?Ø¥~~¬òXÚ����*�.{

P�σ§=σ ≡ (σ1, σ2, . . . , σN )"

z�âfÑ�UÉ�	.å|�K�§
�âf*d�m��Uk�
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ã 2.1: ���¹5�âf£�:¤Ú3��p�^£�:¤��.XÚ�Ï

f�ä"TXÚ�SÜ�p�^Uþ¼ê���/ª�E(σ1, σ2, . . . , σ5) =

E1(σ1, σ4) +E2(σ1, σ2, σ3) +E3(σ3, σ4)"âf5ØÚ?ÛÙ§âf�p�^§

§3Ïf�ä¥´�á�"

"§=Ei(σi) ≡ 0"z��SÜ�p� £̂a = 1, 2, . . . ,M§Ù¥M´SÜ�p

�^�oê8¤�9�ü�½õ�âf"3±��?Ø¥§�p�^a¤�9

��âf�¤�8ÜÏ~P�∂a"SÜ�p�^a�UþP�Ea(σ∂a)§σ∂aL

«8Ü∂a¥¤kâf���g^�."~X§XJ�p�^a´üâfiÚj�

m�g^ÍÜ§ÍÜ~ê�Jij§@o∂a = {i, j}§σ∂a = {σi, σj}§Ea =

−Jijσiσj"XÚ���.σ�UþE(σ)´¤kù
SÜÚ	Ü�p�^Uþ

�Úµ

E(σ1, σ2, . . . , σN ) =

N∑
i=1

Ei(σi) +

M∑
a=1

Ea(σ∂a). (2.1)

3ÔnÆ!)ÔÆ!&E�Æ�ïÄ+�¥§kéõ­�¯K�Uþ¼

êÑ�±L�¤£2.1¤�\Ú/ª"�ÖòuÐ�@ÚOÔnÆnØ5ïÄ

d£2.1¤¤½Â����.�²ï5�"3ù�õâfE,�p�^�.¥§

ØÓâf�g^G�¿�Õá§
´*dK�*d'é§~kéE,�ÚO

1�§
��UÑyÛÉ�8N5�"3&E�ÆïÄ¥§<�~~^Ïf

�ä£factor graph¤5�*/£ã��õCþXÚ¥�ÚO'é[10, 19]"d

u�Ö¤?Ø�XÚ¥§¤kâfÑ´Ø�£Ä�§·���±ÏLÏf�

ä5£ãÚOÔnXÚ£2.1¤�¤k�*�p�^"

3�ÌÏf�ä¥§�:£i, j, k, . . .¤�LXÚ¥�âf§¡�Cþ!:

£Ï�âf� �ØUUC§��*G��C¤¶�:£a, b, c, . . .¤�LSÜ�

p�^§¡�õU!:"Ïf�ä¥�^>(i, a) ë���Cþ!:iÚ��

õU!:a§L«Cþ!:i¤�L�âfë��
õU!:a¤�L�SÜ

�p�^"5¿z^>ë���Cþ!:Ú��õU!:§ü�Cþ!:�

m½ü�õU!:�m´vk>���ë�"¤k�õU!:a �ë�Cþ
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2.1. ²ïÚOÔnÄ:

!:Ò�¤8Ü∂a"aq�§·�^PÒ∂iL«¤k�Cþ!:i�ë�õU

!:"XJ��Cþ!:ivkë��?ÛSÜ�p�^¥§@o8Ü∂i��

8"«~ 2.1´��{ü�.XÚ¤éA�Ïf�ä"

3�Ö¥§·��½^i1i, j, k, . . .5L«��ÚOÔnXÚ¥�âf

9éAÏf�ä¥�Cþ!:§
^a, b, c, . . .5L«XÚ¥��«SÜ�p

�^9éAÏf�ä¥�õU!:"

éu��¹üNSÜ�p�^�XÚ§du��õU!:�ë�ü�C

þ!:§<�~~òõU!:�Ñ§
^Cþ!:�m�>5L«XÚ¥�

üN�p�^"ù�Ïf�äÒòz���¹Cþ!:Ú>�{ü�ä"

½ÂuD�¬�þ�c^�"�.�±w¤´�.£2.1¤�A~§ÙU

þ¼ê�

E(σ1, σ2, . . . , σN ) = −
∑
(i,j)

Jσiσj , (2.2)

ª¥z�é�C��:(i, j)�z���p�^U§ÍÜ~êJ > 0"�.

£2.1¤�,��­�A~´D�¬�þ�Edwards-Anderson£EA¤g^Àæ

�.[9]§ÙUþ¼ê�

E(σ1, σ2, . . . , σN ) = −
∑
(i,j)

Jijσiσj , (2.3)

Ù¥>(i, j)�ÍÜ~ê´Õá��Åëê§�lÓ��©Ù£~XJijk
1
2
�

VÇ�c^ÍÜ§Jij = J§k 1
2
�VÇ��c^ÍÜ§Jij = −J¤"ÍÜ~ê

�ÃS��EA �.k�²T�$§ÚOÔn5�"

�ÖïÄ��.XÚ�Uþ¼êÑäk£2.1¤�\Ú/ª"��rN�

´§�XÚ¥Cþ!:k�Lü��*G�§½öÙ�*G�I^ëYëê

5£ã�§�Ö��õê(ØE,´¤á�"3±��?Ø¥§·�òUþ

¼ê£2.1¤¤éA�Ïf�äP�G"

2.1.2 gdU§�

XÚ?u§Ý�T��¸¥§§��*�.σØ
É��p�^Uþ£2.1¤

�K�	§�É��¸9$Ä�K�"�XÚ��²ï�§Ù÷*5�ÒØ

2��m
UC§XÚ�*�.σ�²ïVÇ©Ù�À�[ù©Ù§=

PB(σ) =
1

Z
exp
(
−βE(σ)

)
=

1

Z

N∏
i=1

ψi(σi)

M∏
a=1

ψa(σ∂a). (2.4)
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3þª¥§β¡�_§Ý§§�§Ý¥�''X§β ≡ (kBT )−1¶ψi ≥ 0´C

þ!:iaÉ��	|¤�z��­Ïf§
ψa ≥ 0´SÜ�p�^a ¤�z

��­Ïf§§��L�ª©O�

ψi(σi) ≡ exp
[
−βEi(σi)

]
, (2.5a)

ψa(σ∂a) ≡ exp
[
−βEa(σ∂a)

]
; (2.5b)

Z´À�[ù©Ù�8�zXê§¡��©¼ê§

Z ≡
∑
σ

exp
(
−βE(σ)

)
=
∑
σ

N∏
i=1

ψi(σi)

M∏
a=1

ψa(σ∂a). (2.6)

�©¼êZ´XÚ¤k�*�.�\Ú§z��.σ�z���­e−βE(σ) =∏N

i=1 ψi(σi)
∏M

a=1 ψa(σ∂a)"XJü��*�.�Uþ��§§é�©¼ê�

�zÒ��µ~X�Ä��oUþ�E��.σ9��oUþ�E′ > E��

.σ′§�.σé�©¼ê��z�u�.σ′��z"�,��¡§XÚ¥Uþ

�E′��.oê§P�ΩE′§�U��õuXÚ¥Uþ�E��.oê§ΩE"

ù�Òk�U��Uþ�E′�¤k�*�.é�©¼ê�o�z§ΩE′e−βE
′
§

�
�uUþ�E�¤k�*�.é�©¼ê�o�z, ΩEe
−βE"3ù«�

/e§XJéXÚ��*�.?1õgÕá*ÿ§Uþ�E′�@
�*�.

¬'Uþ�E�@
�*�.k�õ�VÇ�*ÿ�"

þ¡�?ØL�
�����*:§=XÚ�÷*5�´UþÚ�*�

.ê8�p¿���Ä�²ï�(J"Uþ�E��.oêΩE�L�ª�

ΩE =
∑
σ

δ
(
E(σ), E

)
, (2.7)

Ù¥δ(x, y)´KroneckerPÒµXJx = y§@oδ(x, y) = 1¶ÄKδ(x, y) =

0"XJoUþ�E��*�.êØ�u"£ΩE ≥ 1¤§·��±ò§L«

�ΩE = exp[S(E)/kB], Ù¥S(E)´XÚ��:

S(E) = kB ln ΩE . (2.8)

�´XÚ�*G�ê�Ýþ§§´XÚUþE�¼êµ3,�Uþ�E ?�

���§¿�XXÚ3ù�Uþ�?��*�.�õ"òé�.σ�¦Ú=

z�éUþE �¦Ú§£2.6¤�±�¤

Z =
∑
E

ΩEe
−βE =

∑
E

e−β[E−TS(E)]. (2.9)
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2.1. ²ïÚOÔnÄ:

1/T

E

S(E)

E

ã 2.2: �¸§Ýû½÷*XÚ²þUþ"�½§ÝT§XÚ�²þUþEd

�§£2.10¤û½§§éAu�¼êS(E)éUþE��ê�1/T ?�Uþ�"

éÏ~�÷*ÚOÔnXÚ
ó§XÚ�âfêN´éõ�§XÚ�UþEÚ

�S(E)Ñ�'uâfêN"@o�©¼ê��zý�õêÑ5gUþ��

�E��*�.§Ù¥EéAu¼êE − TS(E)�4��"3N →∞�4�
e§b½S(E)éUþE��ê�3§@oE ��dXeL�ªû½

dS(E)

dE

∣∣∣∣
E=E

=
1

T
. (2.10)

UþEÙ¢�´3§ÝT�éXÚ?1õgÕá*ÿ¤¼��XÚoU

þ�²þ�"ã2.2w«
§ÝT�XÚ²þUþE ��p'X"éÏ~�

ÚOÔnXÚ
ó§XÚ�²þUþ�X§Ý�~�
�A�~�"3,


A½§Ý?§²þUþ��§Ý�¼ê�U¬Ñy�
ÛÉ5§~XØëY

½�êØëY§ùéAuXÚ�÷*5�u)½5�UC§¡��C"3§

ÝTª�u"�§����²ï�÷*XÚ�²þUþòª�uXÚ�Ä�

Uþ§P�E0"Ä�Uþ´XÚ�¤k�*G�¤éA�Uþ����§=

E0 = min
σ
E(σ), (2.11)

�A��*G�¡�XÚ�Ä�§Ä��ê8éAuÄ�� S0 ≡ S(E0)"c

^�p�^�"�.£2.2¤�kü�Ä�§Ä���kB ln 2"·�òw�§é

uéõ�E,�ÚOÔnXÚ£~X�¹õN�p�^�g^ÀæXÚ¤§§

��Ä���U�'uXÚâfêN"

d£2.6¤½Â��©¼ê�¤±3²ïÚOÔnÆ¥åX�~­���

^§́ Ï�§�XÚ�²ïgdUFkXe�'X

F = −kBT lnZ. (2.12)
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ù�'X´²ïÚOÔnÆ���Ä��§§§òXÚ�÷*5�(gdU)

�XÚ��*�.(�©¼ê)ïá
½þ�éX§�l�*�p�^Ñu½

þn)XÚ÷*5�Jø
nØÄ:"²ïgdUF ´_§Ýβ ±9Ù§�

¸ëê£~X�^u�Cþ!:�	|¤�¼ê"d£2.9¤���N →∞�§
3�½�§ÝT§gdUF���

F = E − TS(E) (N →∞), (2.13)

Ù¥E��T�¼êd£2.10¤�Ñ"éu���k�N�§�þªéA�g

dUL�ª�±d£2.12¤�Ñ�

F =
∑
σ

PB(σ)E(σ)− T
[
−
∑
σ

PB(σ) lnPB(σ)
]

=
〈
E(σ)

〉
− TS, (2.14)

Ù¥
〈
E(σ)

〉
ÚS©O´XÚ?u§Ý�T��¸¥¤LyÑ�²þUþÚ�§〈

E(σ)
〉

=
∑
σ

PB(σ)E(σ) =
∂(βF )

∂β
, (2.15)

S = −kB
∑
σ

PB(σ) lnPB(σ) = −∂F
∂T

. (2.16)

d£2.16¤�±�Ñü�­�(Øµ£1¤XÚ�²ï�S´�K�§S ≥
0¶£2¤²ïgdUF´§ÝT��O¼ê§=�X§Ý~�§F¬O\½�

��±ØC",	§²ïgdUF�´§ÝT�]£concave¤¼ê§ù´Ï

�FéT����ê���µ

d2F

dT 2
≡ − 1

kBT 3

[〈
E(σ)2

〉
−
〈
E(σ)

〉2] ≤ 0. (2.17)

þª¥§〈A〉L«ÔnÆþA3À�[ù©Ùe�²þ�§=

〈A〉 ≡
∑
σ

PB(σ)A(σ).

d£2.12¤¤½Â�gdU·^u£ã��ÚOÔnXÚ�²ï5�"

�XÚ?u�²ïG��§éÙ�*�.?1*ÿ§¤���VÇ©ÙòØ

ÓuÀ�[ù©Ù§
�T�²ï©ÙÏ~´��mtk'�§4·�P�

�P (σ; t)"¼�VÇ©ÙP (σ; t)�KþI�é��XÚ3�Ó�	Ü^�e

?1õgÕáÿþ"�±�ÄXe��g�¢�µòXÚ��¸§Ý,�v
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2.2. �©¼êÐm


p¿��v
��m¦XÚ#P{¤��²ï§,�ò§Ýâü�¢�§

ÝT§���ã�mt�P¹XÚ3t����*�.σ1¶­Eù�,§-ü§

L§õg§¼��*�.σ2, σ3, . . .¶��§�âù
Ä���*�.��5�

EVÇ©ÙP (σ; t)"·��é�²ï©Ù��±½Â��gdUF [P (σ; t)]§

§´P (σ; t)��¼µ

F [P (σ; t)] ≡
∑
σ

P (σ; t)E(σ) + kBT
∑
σ

P (σ; t) lnP (σ; t). (2.18)

gdU�¼F [P (σ; t)]�´dü�¡��zU\
¤�§=VÇ©ÙP (σ; t)¤

éA�²þUþ§9Ù%¹��S[P (σ; t)]¤���gdU�z"��VÇ©

Ù��§q¡�&E�§�dXeL�ªO�Ñ5[8]µ

S[P (σ; t)] ≡ −kB
∑
σ

P (σ; t) lnP (σ; t). (2.19)

gdU�¼F [P (σ; t)]�XÚ�²ïgdU£2.12¤kXe'X§=

F [P (σ; t)] = −kBT lnZ + kBT
∑
σ

P (σ; t) ln

[
P (σ; t)

PB(σ)

]
. (2.20)

dd��F [P (σ; t)]o´�uXÚ�²ïgdU"�X�mt�O\§XÚ�V

Ç©ÙP (σ; t)ò�²ïÀ�[ù©ÙPB(σ)üz§��kF [P (σ; t)] �4~"

�XÚ��²ï�§gdU�¼F [P (σ; t)] �ò��Ù���4��§=²

ïgdU"�é{`§3�½§ÝTe§XÚ�gdU3²ï���4��"

2.2 �©¼êÐm

^)Û�{î�¦)�©¼êÚ²ïgdU�3�êØõ��.XÚ�

±¢y§ù�¡�Í¶�ó��,´Onsager����"�.°()"é�

õêXÚ
ó§3§Ý'�pÏ
XÚSÜ�'é�Ý�á��/§�±^

p§Ðm��{O��©¼êÚgdU§~^��{kMayer�$�ÝíN

8ìÐm{[11, 30, 1]!Brout��:�.�ãÐm{[5]!Kikuchi�ìqC

©(cluster variation){[16, 3, 26, 33]!PlefkaÐm{9Ùí2[34, 12, 36, 35]

��"

ChertkovÚChernyak[6, 7] uyd£2.1¤½Â��.XÚ§XJ¤kC

þ!:�G�Ñ´ü©þg £̂=σi = ±1¤§@oXÚ��©¼ê�±L�

�k���ã�z�Ú"©z[42]?�ÚJÑ
��Ïf�äXÚ��©¼
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σ

σ

σ

σ

σ
d

b

i i

ii

b

a

c

d

a

i

c

i

a

i
i

i

i

b

c

d

ã 2.3: ��ëÏÝ�ki�Cþ!:i�ki�õU!:�ë£ù
õU!:�

8ÜP�∂i¤"·�òi���kki�z�§z�z�ë���ØÓ�õU!

:a ∈ ∂i§�äkg^�σai"3�~¥§∂i = {a, b, c, d}§ki = 4"

ê�ãÐm�{§T�{é{ü§�Ø�¦Cþ!:�G���©þg £̂§

�±´õ©þlÑCþ§��±´ëYCþ§$��±´õ�Cþ½¼ê¤"

·�æ^©z[42]��{5í�ü©þg^�.�©¼ê��ãÐmú

ª"3e�Ù·�ò^Ó���{í�Ñ2Â�©¼ê��ãÐmúª"

3Uþ£2.1¤¤éA�Ïf�äG¥§Cþ!:i ��
õU!:a�

ë§ù
õU!:|¤8Ü∂i§T8Ü�¹�õU!:ê¡�!:i�ëÏ

Ý§P�ki (≡ |∂i|)"duCþ!:ië�
ki��p�^¥§·�òi ��¤
äkki�/z�0§z�z����ØÓ�õU!:a ∈ ∂i�ë§�kgC�
g^�σai"�,§duùki�z�¢SþÑ´!:i§¤±ù
g^�σ

a
iÑ�

u!:i�g^σi £�ã2.2¤"b�Ïf�äG¥õU!:a¤ë�Cþ!:

8Ü�∂a = {i, j, . . . , l}"3éz�Cþ!:ÑÚ\z��§l!:a¤/w
�0�Cþ!:g^�.σ∂aÒ´σ∂a = {σai , σaj , . . . , σal }"ÏLÚ\Cþ!:
�z�G�§�©¼ê£2.6¤�±U��

Z =
∑
σ

N∏
i=1

ψi(σi)
∑

{σ∂a|a∈G}

M∏
a=1

ψa(σ∂a)
∏

(j,b)∈G

δ
(
σbj , σj

)
. (2.21)

3þª¥§Cþ!:i�ØÓz��g^G�σai , σ
b
i , . . .�w¤´�pÕáC

þ"ÏL3Ïf�äG�z�^>(i, a)þÚ\Kronecker PÒδ
(
σai , σi)§�y


�k�!:i�ki�z�G�Ñ�Ó���σi�âUý�é�©¼êk�

z"

y3éz�^>(i, a)Ú\��9ÏVÇ¼êqi→a(σ
a
i )§§´�K�§�
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2.2. �©¼êÐm

÷v8�z^�
∑

σa
i
qi→a(σ

a
i ) = 1"L�ª£2.21¤�U�¤

Z =
∑
σ

N∏
i=1

ψi(σi)
∑

{σ∂a|a∈G}

M∏
a=1

[
ψa(σ∂a)

∏
j∈∂a

qj→a(σ
a
j )
] ∏
(k,b)∈G

δ
(
σbk, σk

)
qk→b(σbk)

.

(2.22)

3þª¥§XJØ�ÄKroneckerPÒ�5�éCþ!:z�G���å1§

z�õU!:aòé�©¼ê�z��¦ÈÏfZaµ

Za ≡
∑
σ∂a

ψa(σ∂a)
∏
i∈∂a

qi→a(σ
a
i ). (2.23)

·�5wwZa�Ôn¿Â"½Â����¹õU!:a±9Úa�ë�¤

kka�Cþ!:�fXÚ£ka = |∂a|¤§¿�¦TfXÚ�Uþ�

−
∑
i∈∂a

hi→aσ
a
i + Ea(σ∂a),

Ù¥^|hi→a��dVÇ©Ù¼êqi→a(σ
a
i )û½µ

hi→a ≡
1

2β
ln
qi→a(+1)

qi→a(−1)
. (2.24)

XJØ�Ä�p�^UþEa§ù�fXÚÒ´ka ��pÕá�!:§Ù�©

¼ê� ∑
σ∂a

∏
i∈∂a

eβhi→aσ
a
i =

∏
i∈∂a

[
2 cosh(βhi→a)

]
. (2.25)

��p�^UþEa��Ä?5�§fXÚ��©¼êC�∑
σ∂a

ψa(σ∂a)
∏
i∈∂a

eβhi→aσ
a
i =

∏
i∈∂a

[
2 cosh(βhi→a)

]∑
σ∂a

ψa(σ∂a)
∏
j∈∂a

qj→a(σ
a
j ).

(2.26)

5¿�Za £́2.26¤�£2.25¤�'"ÏdZa¤éA�gdU

fa ≡ −kBT lnZa = −kBT ln

[∑
σ∂a

ψa(σ∂a)
∏
i∈∂a

qi→a(σ
a
i )

]
(2.27)

´�p�^UþEa¤���ù�fXÚgdU�Czþ"

�
éz�Cþ!:i�����ÚZaaq��©¼êÏf§�±éz

^>(i, a)Ú\,	��VÇ©Ù¼êpa→i(σi)§§Ó�´�K�§÷v8�

1ù�duò£2.21¤�ªmýz^>(k, b)��­Ïf
[
δ(σb

k, σk)/qk→b(σ
b
k)
]
b��1"

±°�µg^Àæ��ED4 47
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z^�
∑

σi
pa→i(σi) = 1"L�ª£2.22¤�?�ÚU��

Z =
∑

{σi|i∈G}

N∏
i=1

[
ψi(σi)

∏
a∈∂i

pa→i(σi)
] ∑
{σ∂b|b∈G}

M∏
b=1

[
ψb(σ∂b)

∏
j∈∂b

qj→b(σ
b
j)
]

×
∏

(k,c)∈G

δ
(
σck, σk

)
pc→k(σk)qk→c(σck)

. (2.28)

3þª¥§XJÓ��ÑKroneckerPÒ�5��å§z�Cþ!:iòé�

©¼ê�z��¦ÈÏfZiµ

Zi =
∑
σi

ψi(σi)
∏
a∈∂i

pa→i(σi). (2.29)

Zi�Ôn¿Â�éN´&?"�Ä����¹Cþ!:i�ki�z��f

XÚ£ki = |∂i|¤§¿3z�z�!:þÚ\��^|ua→i§§��dVÇ©
Ù¼êua→i(σi) û½µ

ua→i ≡
1

2β
ln
pa→i(+1)

pa→i(−1)
. (2.30)

XJùki�!:*d�mvk�p�^§@oTfXÚ��©¼ê�∏
a∈∂i

[∑
σa
i

eβua→iσ
a
i

]
=
∏
a∈∂i

[
2 cosh(βua→i)

]
. (2.31)

duùki�!:Ñ´Cþ!:i�z�§��¦§��g^�7LÑ�Ó"ù

��å±9�	|k'��­Ïfψi(σi) ��fXÚ��©¼êC�∑
σi

ψi(σi)
∏
a∈∂i

[∑
σa
i

eβua→iσ
a
i δ
(
σai , σi

)]
=
∏
a∈∂i

[
2 cosh(βua→i)

]∑
σi

ψi(σi)
∏
a∈∂i

pa→i(σi). (2.32)

Zi�u�©¼ê£2.32¤��©¼ê£2.31¤�'�"Ïd§Zi¤éA�gd

U

fi ≡ −kBT lnZi = −kBT ln

[∑
σi

ψi(σi)
∏
a∈∂i

pa→i(σi)

]
(2.33)

Ò´	|UþEi(σi)9Cþ!:i�¤kz�!:äk�Ó�g^�ù��å

¤���fXÚgdU�Czþ"
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aquZaÚZi§·�Ú\z�^>(i, a)��©¼êÏfZ(i,a)�

Z(i,a) =
∑
σi

qi→a(σi)pa→i(σi), (2.34)

±9�A�gdUf(i,a)

f(i,a) ≡ −kBT lnZ(i,a) = −kBT ln

[∑
σi

qi→a(σi)pa→i(σi)

]
. (2.35)

�©¼êZ(i,a)éAXdCþ!:i9§���z�|¤�fXÚ§§�©O

É�^|hi→aÚ^|ua→i��^"fXÚÉ���å´!:iÚ§�z�g

^��Ó"ù��å¤���fXÚgdUCzþÒ´f(i,a)"

k
ù
O�§L�ª£2.28¤�±�?�ÚU��

Z =
∑

{σi|i∈G}

N∏
i=1

[
ψi(σi)

∏
a∈∂i

pa→i(σi)
] ∑
{σ∂b|b∈G}

M∏
b=1

[
ψb(σ∂b)

∏
j∈∂b

qj→b(σ
b
j)
]

×
∏

(k,c)∈G

[
1 + ∆(k,c)(σ

c
k, σk)

Z(k,c)

]
, (2.36)

Ù¥∆(i,a)´��?�Ïf§ÙL�ª�

∆(i,a)(σ
a
i , σi) =

Z(i,a)

qi→a(σai )pa→i(σi)
δ
(
σai , σi

)
− 1. (2.37)

·��¤±ò?�Ïf∆(i,a)�E¤£2.37¤�/ª§́ F"§��U
¦

�U�Cu"§½��3,«²þ�¿ÂeÙ��Cu""?�Ïf∆(i,a)k

:aquMayer8ìÐm{¥�Mayer¼ê[30, 1]"ò∆(i,a) À��þ§Ï


é£2.36¤ª¥�>ë¦�?1Ðm§Ò��∏
(i,a)

[
1 + ∆(i,a)

]
= 1 +

∑
(i,a)

∆(i,a) +
∑

(i,a),(j,b)

∆(i,a)∆(j,b) + . . .

= 1 +
∑
g⊆G

∏
(i,a)∈g

∆(i,a). (2.38)

3þª¥§g�LÏf�äG�?¿��f�ä§§�¹G��Ü©>±9ù


>üà�Cþ!:ÚõU!:"ò£2.38¤�\£2.36¤§Ò���©¼êZ�

ÐmL�ª

Z = Z0

(
1 +

∑
g⊆G

Lg

)
. (2.39)
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1
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1
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21
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1
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21
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ã 2.4: Ïf�äG9Ùf�ä8Ü"��«~§�äG��¹n�Cþ!

:Úü�õU!:§§�f�äê8k31�µk5�f�ä��¹�^>(g-

1§g-2§. . .§g-5)§k10�f�ä��¹ü^>(g-6§g-7§. . .§g-15)§k10�

f�ä�¹n^>(g-16§g-17§. . .§g-25)§k5�f�ä�¹o^>(g-26§g-

27§. . .§g-30)§�k��f�äg-31 �¹�äG�¤k>"

3þª¥§Z0�L�ª�

Z0 =

∏
i∈G Zi

∏
a∈G Za∏

(i,a)∈G Z(i,a)

; (2.40)

f�ä?��Lg�L�ª�

Lg =
∑
{σi|i∈g}

∑
{σ∂a|a∈g}

∏
i∈g

ωi(σi)
∏
a∈g

ωa(σ∂a)
∏

(j,b)∈g

∆(j,b)(σ
b
j , σj), (2.41)

Ù¥VÇ©Ùωi(σi)Úωa(σ∂a) ©OL��

ωi(σi) =
1

Zi
ψi(σi)

∏
a∈∂i

pa→i(σi), (2.42a)

ωa(σ∂a) =
1

Za
ψa(σ∂a)

∏
i∈∂a

qi→a(σ
a
i ). (2.42b)

é���¹M^>�Ïf�äG§Ùf�ä�oê8�2M−1§¤±(2.39)¥

�¦Ú¥�¹��3M � 1��¹e´éõ�"3ã2.4¥§·�é��¹
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2.3. &gDÂ�§

kn�Cþ!:Úü�õU!:�Ïf�äG�¤kf�äÑ�Ñ5
"3

e!òw�§ÏL·�ÀJ9ÏVÇ©Ù¼ê{qi→a(σai ), pa→i(σi)}§·��
±¦Nõf�ägé�©¼êZ�?��zLg = 0§l
¦¦Ú��ê8��

~�"

2.3 &gDÂ�§

Ðmª£2.39¤/ªþò�©¼ê�¤
ü��¦È§��´Z0§,�

�´¤kf�ä?��z�Ú"TL�ªéu?¿À��9ÏVÇ¼êÑ¤

á"y3I��	XÛ`z9ÏVÇ¼ê{qi→a(σai ), pa→i(σi)}�ÀJ"

ã2.4�Ñ
����Ïf�äG�¤kf�ä"5¿�3éõf�ä¥

Ñk��½õ�!:�ëX�^>"~Xf�äg-31 ¥§Cþ!:1�ëÏ

Ý�1¶3f�äg-27¥§õU!:2�ëÏÝ�1"XJf�äg��^>�

ü�à:��k��3g¥�ëÏÝ�1§·�Ò¡Ù�f�äg��^~{

>£dangling edge¤"y35�Ä?¿���¹~{>�f�ägé�©¼ê

�?��zLg"

b�f�ägk�^~{>(i, a)§����ë�Cþ!:i3f�äg¥

�ëÏÝ�1"ù���f�ägé�©¼ê�?��zLg�

Lg =
∏
j∈g\i

[∑
σj

ωj(σj)
]∏
b∈g

[∑
σ∂b

ωb(σ∂b)
] ∏
(k,c)∈g\(i,a)

∆(k,c)(σ
c
k, σk)

×
[ q̂i→a(σai )

qi→a(σai )

∑
σ qi→a(σ)pa→i(σ)∑
σ q̂i→a(σ)pa→i(σ)

− 1
]
, (2.43)

Ù¥§PÒg\iL«Ø!:i	f�äg �¤kÙ§Cþ!:�8Ü¶g\(i, a)L

«Ø>(i, a)	f�äg�¤kÙ§>�8Ü¶q̂i→a(σ
a
i )´��VÇ©Ù¼ê§

§�L�ª�

q̂i→a(σ) =
ψi(σ)

∏
b∈∂i\a pb→i(σ)∑

σ′ ψi(σ′)
∏
b∈∂i\a pb→i(σ

′)
, (2.44)

Ù¥∂i\aL«8Ü∂i Ø���a��f8"5¿�XJ¼êq̂i→a(σ) fÐ�

u¼êqi→a(σ)§@od£2.43¤kLg = 0"

UY�Ä,�«�/§=f�ägk�^~{>(i, a)§T>¤ë�õU
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� 2. &gDÂ�§

!:a 3g¥�ëÏÝ�1"ù���f�äé�©¼ê�?��zLg�

Lg =
∏
b∈g\a

[∑
σ∂b

ωb(σ∂b)
]∏
j∈g

[∑
σj

ωj(σj)
] ∏
(k,c)∈g\(i,a)

∆(k,c)(σ
c
k, σk)

×
[ p̂a→i(σi)
pa→i(σi)

∑
σ qi→a(σ)pa→i(σ)∑
σ qi→a(σ)p̂a→i(σ)

− 1
]
. (2.45)

þª¥p̂a→i(σ)�,	��VÇ©Ù¼ê§§�L�ª�

p̂a→i(σi) =

∑
σ∂a

δ
(
σai , σi

)
ψa(σ∂a)

∏
j∈∂a\i qj→a(σ

a
j )∑

σ∂a
ψa(σ∂a)

∏
j∈∂a\i qj→a(σ

a
j )

, (2.46)

Ù¥∂a\iL«8Ü∂a Ø���i��f8"e¼êp̂a→i(σ)fÐ�upa→i(σ)§

@od£2.45¤kLg = 0"

dþ¡�ù
?Ø��§�©¼ê�ÐmL�ª£2.39¤¥Ú\�9ÏV

Ç¼ê{qi→a(σ), pa→i(σ)}ATÀ��Xe�§|�)£½¡�ØÄ:¤µ

qi→a(σ) = Ii→a(p∂i\a) ≡
1

Zi→a
ψi(σ)

∏
b∈∂i\a

pb→i(σ), (2.47a)

pa→i(σ) = Aa→i(q∂a\i) ≡
1

Za→i

∑
σ∂a

δ(σi, σ)ψa(σ∂a)
∏

j∈∂a\i

qj→a(σj).

(2.47b)

þª¥§σ∂aL«õU!:a¤ë�Cþ!:8Ü∂a �G�§σ∂a = {σi|i ∈
∂a}¶p∂i\a�LVÇ©Ù¼ê8Ü{pb→i(σi)|b ∈ ∂i\a}¶q∂a\i�LVÇ©Ù¼
ê8Ü{qj→a(σj)|j ∈ ∂a\i}; 
Zi→aÚZa→i´ü�8�z~ê§

Zi→a =
∑
σ

ψi(σ)
∏

b∈∂i\a

pb→i(σ), Za→i =
∑
σ∂a

ψa(σ∂a)
∏

j∈∂a\i

qj→a(σj).

(2.48)

�§|£2.47¤¡�&gDÂ�§£belief propagation§{¡BP¤§§Äk

´3Ø�¹?Û£´�äGÏf�äþ�í�Ñ5�[31]"é?¿���¹

£´�Ïf�äG§l�©¼êÐm�*:5w§�
¦z���¹~{>�

f�ägé�©¼ê�?��zLg = 0§VÇ©Ù¼ê{qi→a(σ), pa→i(σ)}7
,�ÀJ�BP�§���ØÄ:"lù�¿Âþ`§BP�§´VÇ©Ù¼

êI�÷v��|gU�§§é?¿d£2.1¤¤½Â�Ïf�ä�.Ñ·^"

5¿�·�3í�BP�§|�L§¥¿vk�¦Cþ!:G�7L�ü©

þg^§¤±£2.47¤¢Sþé����XÚÑ¤á£��[�?Ø�[42]¤"

±°�µg^Àæ��ED4 52



2.3. &gDÂ�§

XJCþ!:�G��ü©þg^§@oVÇ©Ùpa→i(σ)Úqi→a(σ)©

O�±^^|ua→iÚhi→a5��L�§=

pa→i(σ) =
eβua→iσ

2 cosh(βua→i)
, (2.49a)

qi→a(σ) =
eβhi→aσ

2 cosh(βhi→a)
. (2.49b)

d(2.47)�±í�Ñ^|hi→a Úua→i¤÷v�BP�§µ

hi→a = h0i +
∑
b∈∂i\a

ub→i, (2.50a)

ua→i =
1

2β
ln

[∑
σ∂a

δ(σi,+1)ψa(σ∂a)
∏
j∈∂a\i e

βhj→aσj∑
σ∂a

δ(σi,−1)ψa(σ∂a)
∏
j∈∂a\i e

βhj→aσj

]
. (2.50b)

3£2.50a¤ª¥§h0i�L�^uCþ!:i�	|§ÙL�ª�

h0i ≡
1

2β
ln
[ψi(+1)

ψi(−1)

]
= −Ei(+1)− Ei(−1)

2
. (2.51)

XJ�½�p�^Uþ�äNL�ª§�§£2.50b¤k�U�¤�{ü�/

ª"e¡�ü�~f3ÚOÔnÆ�ïÄ©z¥é~�µ

SK 2.1 �Ä��9Cþ!:iÚj��p�^a§UþEa(σi, σj) = −Jijσiσj§
Ù¥Jij´ÍÜ~ê"�y�§(2.50b)�±��

ua→i =
1

β
atanh

[
tanh(βJij) tanh(βhj→a)

]
. (2.52)

SK 2.2 �Ä��õN�p�^a§ÙUþ¼ê�Ea = −Ja
∏
j∈∂a σj§Ù

¥Ja´ÍÜ~ê"�y�§(2.50b)�±��

ua→i =
1

β
atanh

[
tanh(βJa)

∏
j∈∂a\i

tanh(βhj→a)
]
. (2.53)

&gDÂ�§£2.47¤́ �|�9éõVÇ©Ù¼ê�gU�§§ÏéÙ

ØÄ:¿�´²T�?Ö"·��±ò&gDÂ�§(2.47)Ú(2.50)�±w¤

´Ïf�äGþ�&EDÂÚ�#L§"~Xéu«¿ã2.5¤«�ÛÜ�ä

(�µ

Cþ!:iÂ8l�C�õU!:bÚcD5��Eub→iÚuc→i§ÏL�§

£2.50a¤��hi→a ¿òÙ��ÑÑ�ED4�õU!:a¶õU!:aKÂ8
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h

h l−
>

a

ua−>i

u b−
>
i

u
c−>i

k−>a

h
j−>a

i−>ah

c

k

j

i

b n

m

a

l

ã 2.5: &gDÂ«¿ã"3z^>þÑkü�^|�E§~X>(i, a)þ�^

|hi→aÚua→i"ù
^|�E���âBP�§£2.50¤ØÊ/�#"

l¤kÙ§�C�Cþ!:j, k, l D45��Ehj→a!hk→aÚhl→a§ÏL�

§£2.50b¤��ua→a ¿òÙD4�Cþ!:i"ù�3Ïf�äG �z�^

>þÑkü�^|�E3ØÊ/�#§��¤k�>þ�ù�é�EÑØ2

u)Cz��"

3O�Åþ¢yþãL§~~^�ÅüSS��#�{§N¹??�Ñ


äN¢y���è"

ék
¯K§BP�§(2.47)½(2.50)�S�L§¬Ñy��y�"�


¦S�L§�¯/Âñ�ØÄ:§�±3S�L§¥·�\\{Z§~X

ò(2.50a) U�¤

hi→a(t+ 1) = ηhi→a(t) + (1− η)
[
h0i +

∑
b∈∂i\a

ub→i(t)
]
, (2.54)

Ù¥tL«S��m§0 ≤ η < 1´Ú\���{ZXê"

��¸§ÝTv
$�§~~¬Ñyù��«�¹§=þã�S��{

o´ØUÂñ���ØÄ:"ù«ØÂñÏ~¿�XBP�§kõ�ØÄ:"

·�ò3e�Ù�[?ØXÛ?nù«�¹"

2.4 Bethe-PeierlsCq

l�©¼êÐm�*:5w§�
¦¤k�k~{>�f�äé�©¼
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2.4. BETHE-PEIERLSCq

ê�?��z�"§9ÏVÇ©Ù¼ê7L�÷vBP�§£2.47¤"�
?�

Ún)BP�§§·�y3±Bethe-PeierlsCq[4, 32] ��Ä:§lÔn��

Ý/í�0ÑBP�§"

k£�Bethe-PeierlsCq�'�g�"�Ä«¿ã2.5¥õU!:a¤�

L��p�^UþEa(σ∂a)"Cþ!:i, j, k, l ë��
T�p�^§=σ∂a =

(σi, σj , σk, σl)"3XÚ?u9åÆ²ï�UþEa�²þ��〈
Ea(σ∂a)

〉
=

∑
σ e
−βE(σ)Ea(σ∂a)∑
σ e
−βE(σ)

=

∑
σ e
−βE(cv)

a (σ)ψa(σ∂a)Ea(σ∂a)∑
σ e
−βE(cv)

a (σ)ψa(σ∂a)
,

Ù¥

E(cv)
a (σ) ≡ E(σ)− Ea(σ∂a)

´òõU!:alXÚ¥�Ø��e�fXÚ�oUþ£fXÚ¡����

n£cavity¤XÚ¤"²L{ü�í��ò²þUþ?�Ú��

〈
Ea(σ∂a)

〉
=

∑
σ∂a

Q
(cv)
a (σ∂a)ψa(σ∂a)Ea(σ∂a)∑

σ∂a
Q

(cv)
a (σ∂a)ψa(σ∂a)

. (2.55)

þª¥VÇ©ÙQ
(cv)
a ´3Ø�õU!:a��nXÚ¥§8Ü∂a¥�Cþ!

:£=ã2.5¥�i, j, k, l¤g^��>�VÇ©Ùµ

Q(cv)
a (σ∂a) ≡

1∑
σ

e−βE
(cv)
a (σ)

∑
σ\σ∂a

e−βE
(cv)
a (σ), (2.56)

Ù¥
∑

σ\σ∂a
L«éØ8Ü∂a	¤kÙ§Cþ!:�g^�?1¦Ú"

SK 2.3 �yL�ª£2.55¤��(5¿n)ÙÚOÔn¹Â"

3Ø�¹õU!:a��nXÚ¥£ë�«¿ã2.6§�¤§8Ü∂a¥�C

þ!:Ø2Ï��p�^UþEa
�p'é"XJù
!:i, j, k, l3T�n

XÚ¥´p�ØëÏ�§@§��g^�7½��Õá§l
Q
(cv)
a (σ∂a) ò

´ù
!:�g^>�VÇ©Ù�¦È"�XJù
!:3�nXÚ¥E,

´ÏLÙ§õU!:
�pëÏ�§@§��mÒ¬Ï��nXÚ¥�Ù§

�p�^
p�'é"��1�?Cq§kØ�Äσi, σj , σk, σl 3T�nXÚ

¥�'é§
òQ
(cv)
a (σ∂a)�¤VÇ©Ù¦È�/ª§=

Q(cv)
a (σ∂a) ≈

∏
j∈∂a

q
(cv)
j→a(σj), (2.57)
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n

a

c

b

l

k

j

i

n

m

a

c

b

l

k

j

i

m

ã 2.6: �nf�ä«¿ã"£�¤òõUU!:alÏf�ä¥�K¶£m¤ò

Cþ!:i9Ù¤k�C�õU!:lÏf�ä¥�K"

Ù¥q
(cv)
j→a(σj)´Cþ!:j3�nXÚ�g^�>�VÇ©Ù£¡��nVÇ

©Ù¤µ

q
(cv)
j→a(σj) ≡

1∑
σ

e−βE
(cv)
a (σ)

∑
σ\σj

e−βE
(cv)
a (σ). (2.58)

�§£2.57¤´Bethe-PeierlsCq��«/ª[4, 32, 39, 2]"TL�ªb½�

õU!:a�ë�Cþ!:3a�����fXÚ¥Ø�3?Û'é"òL�

ª£2.57¤�\£2.55¤Ò��〈
Ea(σ∂a)

〉
=

∑
σ∂a

Ea(σ∂a)ψa(σ∂a)
∏
j∈∂a qj→a(σj)∑

σ∂a
ψa(σ∂a)

∏
j∈∂a qj→a(σj)

. (2.59)

õU!:a��C�Cþ!:8Ü�∂a§ù
!:g^��éÜVÇ©

ÙP�p∂a(σ∂a)µ

p∂a(σ∂a) ≡
∑

σ\σ∂a
e−βE(σ)∑

σ e
−βE(σ)

. (2.60)

d²þUþL�ª£2.59¤�±wÑ§3Bethe-PeierlsCqe§TéÜVÇ©

Ù�CqL�ª�

p∂a(σ∂a) ≈
ψa(σ∂a)

∏
j∈∂a qj→a(σj)∑

σ∂a
ψa(σ∂a)

∏
j∈∂a qj→a(σj)

. (2.61)

SK 2.4 A^Bethe-PeierlsCq£2.57¤l½Âª£2.60¤í�ÑéÜVÇ©

ÙCqL�ª£2.61¤"n)£2.61¤�ÚOÔn¹Â"

25�	Cþ!:g^��>�VÇ©Ù"«¿ã2.5¥Cþ!:iÏLõ

U!:a, b, c�j, k, . . .�9�Cþ!:u)�p�^§�g^σiÉ�σj , σk, . . .�
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Ù§9�g^��K�"aqu�§£2.55¤§g^σi�²þ��L�ª�

〈σi〉 =

∑
σi

∑
σ∂a\i

∑
σ∂b\i

∑
σ∂c\i

Q
(cv)
i+∂i(σ∂a\i, σ∂b\i, σ∂c\i)ψaψbψcψi(σi)σi∑

σi

∑
σ∂a\i

∑
σ∂b\i

∑
σ∂c\i

Q
(cv)
i+∂i(σ∂a\i, σ∂b\i, σ∂c\i)ψaψbψcψi(σi)

. (2.62)

þª¥§σ∂a\i ≡ {σj : j ∈ ∂a\i} ´i�C�õU!:a¤ë�Ù§Cþ!:§
éu«¿ã2.5
óσ∂a\i = {σj , σk, σl}"VÇ©ÙQ(cv)

i+∂i(σ∂a\i, σ∂b\i, σ∂c\i)L

«3!:i9Ù¤k�C�!:�����e��nfXÚ¥§j, k, . . .�9�

Cþ!:�g^�éÜVÇ©Ù§ë�«¿ã2.6£m¤"XJ·�b½3ù�

��nXÚ¥Cþ!:j, k, . . . �´*dÕá�§@oaquL�ª£2.57¤

�kXe�Cqµ

Q
(cv)
i+∂i(σ∂a\i, σ∂b\i, σ∂c\i) ≈

∏
a∈∂i

∏
j∈∂a\i

q
(cv)
j→a(σj). (2.63)

ò£2.63¤�<£2.62¤Ò��

〈σi〉 ≈

∑
σi

σiψi(σi)p
(cv)
a→i(σi)p

(cv)
b→i(σi)p

(cv)
c→i(σi)∑

σi

ψi(σi)p
(cv)
a→i(σi)p

(cv)
b→i(σi)p

(cv)
c→i(σi)

, (2.64)

Ù¥

p
(cv)
a→i(σi) ≡

∑
σ∂a\i

ψa(σa)
∏

j∈∂a\i
q
(cv)
j→a(σj)∑

σ∂a

ψa(σa)
∏

j∈∂a\i
q
(cv)
j→a(σj)

. (2.65)

d£2.64¤��Cþ!:i�>�VÇ©Ùqi(σi)3Bethe-PeierlsCqe�L�

ª�

qi(σi) ≈
ψi(σi)p

(cv)
a→i(σi)p

(cv)
b→i(σi)p

(cv)
c→i(σi)∑

σi
ψi(σi)p

(cv)
a→i(σi)p

(cv)
b→i(σi)p

(cv)
c→i(σi)

. (2.66)

3Bethe-PeierlsCq¥§�~­����VÇ©Ù´Cþ!:i��nV

Ç©Ù§~Xq
(cv)
i→a(σi)��"�â½Âª£2.58¤§VÇ©Ùq

(cv)
i→a(σi)´�!

:iØÉ��p�^a�K���¹e�>�VÇ©Ù"3Bethe-PeierlsCq

��¹eù��nVÇ©Ù�L�ª�

q
(cv)
i→a(σi) ≈

ψi(σi)p
(cv)
b→i(σi)p

(cv)
c→i(σi)∑

σi
ψi(σi)p

(cv)
b→i(σi)p

(cv)
c→i(σi)

. (2.67)

±°�µg^Àæ��ED4 57



� 2. &gDÂ�§

SK 2.5 Uìí�L�ª£2.66¤�Ó��{í�ÑL�ª£2.67¤"

lL�ª£2.66¤Ú£2.67¤�±wÑ§VÇ©Ùp
(cv)
a→i(σi)�ÚOÔn¹Â

´Cþ!:i�g^�3�É�õU!:a�K�e�>�VÇ©Ù"�
¦

ù�:��Ù§·��±g�Xe�¯Kµéuã2.6£m¤¤«��nXÚ§

y3òõU!:aVþ§ù�!:iÒ¬�Cþ!:j, k, l �G�u)'é§@

og^σi �>�VÇ´õ�º­E�!c¡�í�L§�±�ÑT>�VÇ

3Bethe-PeierlsCqe=�p
(cv)
a→i(σi)§dL�ª£2.65¤O�Ñ5"

òL�ª£2.65¤Ú£2.67¤�BP�§£2.47¤�'�§�±uyXJé

z�VÇ©ÙÑ�Xe�O�µ

pa→i(σi)⇒ p
(cv)
a→i(σi), qi→a(σi)⇒ q

(cv)
i→a(σi) (2.68)

@oBP�§£2.47¤�ÒC¤�§£2.65¤Ú£2.67¤"

ÏLù�!�?Ø§�©¼êÐmL�ª£2.39¤¥9ÏVÇ©Ù¼

ê{pa→i(σi), qi→a(σi)} �Ôn¿ÂÒ�Ù
µpa→i(σi)´Cþ!:i�ë��
p�^a�{§§��*�σi �VÇ©Ù¶
qi→a(σi)´Cþ!:iØë��

p�^a�{§§��*�σi�VÇ©Ù"

2.5 E�é¡�nnØ

d!2.3�©Û��§XJ·�ò÷v&gDÂ�§(2.47)��|VÇ©

Ù{qi→a(σai ), pa→i(σi)}��Ðm9Ï¼ê§�©¼êZ�ÐmL�ª�

Z = Z0 ×
(

1 +
∑
g⊆G

L g

)
. (2.69)

3þª¥§g�LÏf�äG���Ø�¹?Û~{>�f�ä§§�z�

!:�ëÏÝ���2"ù��f�ä¡��ã"�§(2.69)¡��©¼ê�

�ãÐmª"�A�§XÚgdUF�L�ª�

F = −kBT lnZ = F0 + ∆F (2.70)

Ù¥F0 = −kBT lnZ0¶
�ã?��∆F�

∆F = −kBT ln
[
1 +

∑
g⊆G

L g

]
. (2.71)
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XJ·��Ñ∆F§K��XÚgdU�CqL�ªF ≈ F0§

F0 =
∑
a∈G

fa +
∑
i∈G

fi −
∑

(i,a)∈G

f(i,a), (2.72)

Ù¥fa!fiÚf(i,a)�L�ª©Od(2.27)!(2.33)Ú(2.35)�Ñ"F03©z¥~

~¡�Bethe-PeierlsgdU§{¡BPgdU"F0´¤kõU!:�gdU

�zfa�¤kCþ!:��zfi�Ú2l¥~�¤k>(i, a)��zf(i,a)�¤

���(J"éu�òz�^>�gdU�zlogdU¥~���Ï§·�

k���*�n)"3O�õU!:a�gdU�z�§���ë�>(i, a)�

gdU�z®²��Ä?�
¶3O�Cþ!:i�gdU�z�§>(i, a)�

�Aq��Ä?�
¶Ïd�
-�ù«­E�Ä��� �§I�3og

dU�(J¥ò>(i, a)�gdU�zf(i,a)~��g"

BPgdU��±w¤´VÇ©Ù¼ê{qi→a, pa→i}��¼µ

βF0 = −
∑
a

ln
[∑
σ∂a

ψa(σ∂a)
∏
i∈∂a

qi→a(σi)
]
−
∑
i

ln
[∑
σi

ψi(σi)
∏
a∈∂i

pa→i(σi)
]

+
∑
(i,a)

ln
[∑
σi

qi→a(σi)pa→i(σi)
]
. (2.73)

T�¼é¼êqi→aÚpa→i�C©©O�

δβF0

δqi→a(σi)
=

pa→i(σi)∑
σ

qi→a(σ)pa→i(σ)
−

∑
σ∂a\i

ψa(σ∂a)
∏

j∈∂a\i
qj→a(σj)∑

σ∂a

ψa(σ∂a)
∏
j∈∂a

qj→a(σj)
, (2.74a)

δβF0

δpa→i(σi)
=

qi→a(σi)∑
σ

qi→a(σ)pa→i(σ)
−
ψi(σi)

∏
b∈∂i\a

pb→i(σi)∑
σ

ψi(σ)
∏
b∈∂i

pb→i(σ)
. (2.74b)

3BP�§£2.47¤�ØÄ:?gdUF0���¼���C©�"µ

δF0

δqi→a(σi)

∣∣∣∣
BP

= 0,
δF0

δpa→i(σi)

∣∣∣∣
BP

= 0, ∀ (i, a) ∈ G. (2.75)

ù´BPgdU£2.73¤���~­��5�"

SK 2.6 éu¤kg^Cþ�σi = ±1��/§BPgdU(2.73) �±L�¤

^|{hi→a}Ú^|{ua→i}�¼ê"�yù�L�ª�

βF0 = −
∑
a

ln
[∑
σ∂a

ψa(σ∂a)e

∑
i∈∂a

βhi→aσi
]
−
∑
i

ln
[∑
σi

ψi(σi)e

∑
a∈∂i

βua→iσi
]

+
∑
(i,a)

ln
[
2 cosh

(
β(ua→i + hi→a)

)]
. (2.76)
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Bethe-PeierlsgdU£2.73¤9&gDÂ�§£2.47¤�¤XÚ£2.1¤�

E�é¡�nnØ£replica-symmetric (RS) cavity theory¤[23, 21]"TnØ

ò²ïgdU�¤k�ã?��zÑ�Ñ§b�XÚ�²ïgdU�uBPg

dUF0"·�ò±BPgdUF0�Ñu:O�XÚ²þUþ§�§Cþ!:g

^²þ�9g^�m�'é¼ê"3d�c§kégdU?��z∆F��

?1�:?Ø"

XJ�.¤éA�Ïf�äGØ�3?Û£´§=Ïf�ä´äG�§

@o3BP�§ØÄ:?Bethe-PeierlsgdUÒî��uXÚ�²ïgdU"

éuù«�¹§∆F = 0"
��±y²BP�§£2.47¤�½��3��ØÄ

:§TØÄ:�±éN´ÏLÛÜS�
��£läGÏf�ä�>�m©

�SÜ?1BPS�¤"äGXÚ�²ïgdUO�´{ü�"

éu�k£´���Ïf�ä§XJ∆F ≤ 0§@oÒkF ≤ F0§=gd

U�BPCq(2.72)�ÑXÚgdUF���þ�¶��XJ∆F ≥ 0§KF0´

gdUF���e�"�ä∆F ��K¿�N´�¯�§�3�~{ü�X

ÚU
��§~XXe�SKµ

SK 2.7 �Ä?3�¹N�!:9N^>����þ��"�."g^�

mk�C��p�^§Uþ¼ê�E(σ1, σ2, . . . , σN ) = −J
N∑
i=1

σiσi+1§Ù

¥σi = ±1§σN+1 ≡ σ1"T�.XÚ�k��Ø¹~{>�f�ä"£1¤

�yBP�§(2.50)�)�hi→a = ua→i = 0"£2¤�yBPgdU�F0 =

−NkBT ln
[
2 cosh(βJ)

]
"£3¤�ygdU�?��z�

∆F = −kBT ln
(
1 + tanhN (βJ)

)
. (2.77)

3ù�SK¥§XJ�p�^�c^.(J > 0)§Kk∆F < 0"XJ�p�

^��c^.(J < 0)§K�N�óê�∆F < 0§
�N�Ûê�∆F > 0"

é�c^�p�^�"�§��p�^êN�Û�§�¥�3{�§=

Ø�3��g^�*�.(σ1, σ2, . . . , σN )U
¦¤kN��c^�p�^�

UþÓ���$£= −|J |¤"é?¿g^�.§£´¥��k���c^�p
�^Uþ�|J |"þ¡�SKw«§éù����3{��£´§§�gdU
?��z��§=BPgdUF0'XÚý��gdUF ��"

{�2�/�3ug^ÀæXÚ¥§����ã¥£´�ê8éõ�§{

���¹éE,§ù���ãé�©¼ê�?��z��KÎÒ�U´õ«

Ï��p¿��(J"Cc53Sherrington-Kirkpatrickg^Àæ�.[37]þ

Ðm��
êÆó�[40, 13, 15, 14]§��u|±ù��ßÿµé���¹
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éõ{����ëÏg^ÀæXÚ§ÙgdU�BPCqF0 ´XÚý�gd

UF�e�"ù�¡?�Ú�nØó��,�éqã"

�§ÝT → 0�§XÚ�gdUª�uXÚ�Ä�Uþ"éNõ�²T

g^Àæ�.XÚ
ó§�ãéXÚÄ�Uþ�?��z~~´Ø��Ñ�"

3©z[45, 46]¥?Ø
{��Aé�
�Åg^ÀæXÚÄ�Uþ�K�"

�ÅXÚ¥�£´�Ý²þ
ó�Cþ!:ê8N�O\
éêªO�"©

z[45, 46]òù�aXÚ¥�{��Aw¤´�«Edy�§¿JÑ
�«�

§{�²þ|nØ"TnØéXÚ�Ä�Uþ�ÝU�Ñ�Ð��O"

2.5.1 Bethe-PeierlsgdU�Ù§ü«/ª

3BP�§�ØÄ:?§·��±òBPgdUL�ª£2.73¤¥�¤kV

Ç©Ù¼êpa→i(σ)^�§£2.47b¤mý�L�ª5O�§ù�BPgdUÒ

�¤
Xe�/ª§=

βF0 = −
∑
i

ln
[∑
σi

ψi(σi)
∏
b∈∂i

∑
σ∂b

δ(σbi , σi)ψb(σ∂b)
∏

k∈∂b\i

qk→b(σk)
]

+
∑
a

(
|∂a| − 1

)
ln
[∑
σ∂a

ψa(σ∂a)
∏
j∈∂a

qj→a(σj)
]
. (2.78)

BPgdU£2.73¤��±L�¤VÇ©Ù{pa→i(σ)}�¼ê§=

βF0 = −
∑
a

ln
[∑
σ∂a

ψa(σ∂a)
∏
j∈∂a

ψj(σj)
∏

b∈∂j\a

pb→j(σj)
]

+
∑
i

(
|∂i| − 1

)
ln
[∑
σi

ψi(σi)
∏
b∈∂i

pb→i(σi)
]
. (2.79)

gdUL�ª£2.78¤Ú£2.79¤3©z¥^�éõ§§��'uL�ª

£2.73¤k�
ê�O�þ�`�5"

2.5.2 ²þUþÚ�

XÚ�²þUþ�gdU�'Xd£2.15¤�Ñ"|^gdU��ãÐm

L�ª(2.70)�±��

〈E〉 = 〈E〉0 + 〈∆E〉. (2.80)

þª�〈E〉0¡�XÚ²þUþ�Bethe-PeierlsCq�"|^(2.73)±9(2.75)§
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·��±�Ñ

〈E〉0 ≡ ∂[βF0]

∂β
=
∑
a


∑
σ∂a

Ea(σ∂a)ψa(σ∂a)
∏
i∈∂a

qi→a(σi)∑
σ∂a

ψa(σ∂a)
∏
i∈∂a

qi→a(σi)


+
∑
i


∑
σi

Ei(σi)ψi(σi)
∏
a∈∂i

pa→i(σi)∑
σ

ψi(σ)
∏
a∈∂i

pa→i(σ)

 , (2.81)

=〈E〉0´¤kõU!:a�Cþ!:i�²þUþ�Ú"²þUþ�?��〈∆E〉�

〈∆E〉 ≡ ∂[β∆F ]

∂β
=

−1

1 +
∑

g L g

∑
g

∂L g

∂β
. (2.82)

d(2.14)��§3_§Ýβ?XÚ��S�

S =
1

T

(
〈E〉 − F

)
= S0 + ∆S, (2.83)

Ù¥S0¡���Bethe-PeierlsCq§

S0 =
〈E〉0 − F0

T
, (2.84)


��?���

∆S =
〈∆E〉 −∆F

T
. (2.85)

2.5.3 >�VÇ©Ù9Ù�N5

d£2.81¤�±wÑ§3E�é¡�nnØ¥Cþ!:i�g^�>�V

Ç©Ù�L�ª�

qi(σi) =
1∑

σ

ψi(σ)
∏
a∈∂i

pa→i(σ)
ψi(σi)

∏
a∈∂i

pa→i(σi); (2.86)


?�õU!:a¤ë�Cþ!:g^��éÜVÇ©Ù�L�ªK�

pa(σ∂a) =
1∑

σ∂a

ψa(σ∂a)
∏
i∈∂a

qi→a(σi)
ψa(σ∂a)

∏
i∈∂a

qi→a(σi). (2.87)

ùü�L�ª��±�âBethe-PeierlsCqí�Ñ5§ë�£2.66¤Ú£2.61¤"

dõU!:a�>�VÇpa(σ∂a)Ñu�±¦�z�ë�T�p�^�C

þ!:i�g^>�VÇ©Ù"~X§éu«¿ã2.5
ó§dõU!:a íä

±°�µg^Àæ��ED4 62



2.5. E�é¡�nnØ

ÑCþ!:i�g^�>�VÇ©Ù�u
∑

σj ,σkσl
pa(σi, σj , σk, σl)"ÏLù«

�ª���g^�>�VÇ©Ù´Ä��§£2.86¤¤���(J�Óº�Y

´�½�"3BP�§£2.47¤�ØÄ:?>�VÇ©ÙkXe�N5µ

qi(σi) =
∑
σ∂a\i

pa(σ∂a), ∀ (i, a) ∈ G. (2.88)

þª¥§
∑

σ∂a\i
L«éõU!:a�¤k�C�Cþ!:�g^�?1¦Ú§

�Ø�)!:i�g^σi"þã'X�y²éN´§��öSK3�Ööµ

SK 2.8 y²>�VÇ©Ùqi(σi)Úpa(σ∂a)3&gDÂ�§£2.47¤�ØÄ

:?÷v�N'X£2.88¤"

�N5'X£2.88¤k­��¿Â§§L²E�é¡�nnØéuü�C

þ!:G��£ã��´gU�"dù�'X�±(����Cþ!:ië�

�õ��p�^£~Xã2.5¥�a, b, c¤�§ØÓ�VÇ©Ù¼êpa, pb, pcé

u!:iG��ÚO£ãÑ�Ó"

XJÏf�äGØ¹?Û£´§@o�§£2.86¤Ú£2.87¤¤�Ñ�>�

VÇ©Ù´��°(�"éuù«äGXÚ§XÚ�²ïÀ�[ù©Ù£2.4¤

¢Sþ�±��Xe�¦È/ªµ

PB(σ1, σ2, . . . , σN ) =
∏
a∈G

pa(σ∂a)
∏
i∈G

[
qi(σi)

]1−ki
, (2.89)

Ù¥ki ≡ |∂i|´Cþ!:i�ëÏÝ"

SK 2.9 y²L�ª£2.89¤éu½Â3?ÛØ�¹£´�Ïf�äþ�g

^Àæ�.Ñ¤á§Ù¥VÇ©Ù¼êqi(σi)9pa(σ∂a)dBP�§£2.47¤�

ØÄ:©OÏL£2.86¤Ú£2.87¤��"

eÏf�ä¥�¹£´§L�ª£2.89¤òØ2¤á§�Tªmý�UE

,´²ï©ÙPB(σ)��éÐ�Cq£�§¿Ø�½´8�z�¤"

2.5.4 g^'é¼ê

3ù��!§�?Ø�Bå�§·�Û�u!:G��±1�"g^��

/"3²ï�§Cþ!:i �g^²þ��

〈σi〉 ≡
∑
σ

σiPB(σ). (2.90)
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ù�²þ��±dgdUFé	|h0i¦ �ê
��§=

〈σi〉 ≡ −
∂F

∂h0i
= 〈σi〉0 + 〈∆σi〉, (2.91)

Ù¥〈σi〉0´g^²þ��Bethe-PeierlsCq�

〈σi〉0 =
∑
σi

σiqi(σi) = tanh
[
β
(
h0i +

∑
a∈∂i

ua→i
)]
, (2.92)


²þg^��ã?��z�〈∆σi〉K�

∆〈σi〉 = −∂∆F

∂h0i
. (2.93)

ü�Cþ!:iÚj�g^��m�'é�dë�'é£connected corre-

lation¤〈σiσj〉c5L�µ

〈σiσj〉c ≡ 〈σiσj〉 − 〈σi〉〈σj〉 = − 1

β

∂2F

∂h0i∂h
0
j

=
1

β

∂〈σi〉
∂h0j

. (2.94)

XJ�ÑgdU�ã?��z∆F§@oü:'é�CqL�ª�

〈σiσj〉c ≈
1

β

∂〈σi〉0
∂h0j

=
(

1− 〈σi〉20
)(
δji +

∑
a∈∂i

∂ua→i
∂h0j

)
. (2.95)

�
O�g^σjÚXÚ¥�¤kÙ§g^σi�m�'é§ÒI�kO�Ñ¤

k�n|ua→i£§�d�§£2.49a¤¤½Â¤é	|h0j� �ê"

e	|h0j���UC�ua→i�UC�é�§dBP�§(2.50)Ò�±��

∂hi→a
∂h0j

= δij +
∑
b∈∂i\a

∂ub→i
∂h0j

, (2.96a)

∂ua→i
∂h0j

=
1

2

∑
k∈∂a\i

∂hk→a
∂h0j


∑
σ∂a

σkδ(σi,+1)ψa(σ∂a)
∏

l∈∂a\i
eβhl→aσl∑

σ∂a

δ(σi,+1)ψa(σ∂a)
∏

l∈∂a\i
eβhl→aσl

−

∑
σ∂a

σkδ(σi,−1)ψa(σ∂a)
∏

l∈∂a\i
eβhl→aσl∑

σ∂a

δ(σi,−1)ψa(σ∂a)
∏

l∈∂a\i
eβhl→aσl

 .
(2.96b)

N´5¿�£2.96¤́ �BP�§£2.50¤éaq�S��§§ù|�§�ØÄ

:��±ÏL�ED4�{5¼�"äN�O�Ú½Xeµ
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2.5. E�é¡�nnØ

(1) ÏLS�¼�BP�§£2.50¤���ØÄ:{ua→i, hi→a}"

(2) 3Ïf�ä¤k�>(i, a)þDÐ�µ∂ua→i/∂h
0
j ← 0§∂hi→a/∂h

0
j ← δij"

(3) Uì�§(2.96)?1S�§�#∂hi→a/∂h
0
j9∂ua→i/∂h

0
j§������

ØÄ:"

(4) | £̂2.95¤O�g^ü:'é"

�ES�úª£2.96¤éu�
{üa.�g^�p�^�±�¤²w

�/ªµ

SK 2.10 £1¤XJõU!:a�Lü�Cþ!:iÚk�m��p�^§�

Uþ¼ê�Ea = −Jikσiσk§@o£2.96b¤�±{z�

∂ua→i
∂h0j

=
∂hk→a
∂h0j

tanh(βJik)[1− tanh2(βhk→a)]

1− tanh2(βJik) tanh2(βhk→a)
. (2.97)

£2¤XJõU!:a�Lõ�Cþ!:�m�g^ÍÜ§ÙUþ¼ê�Ea =

−Ja
∏
k∈∂a σk§@o£2.96b¤�±{z�

∂ua→i
∂h0j

=
∑
k∈∂a\i

∂hk→a
∂h0j

tanh(βJa)[1− tanh2 βhk→a]
∏

l∈∂a\i,k
tanh(βhl→a)

1− tanh2(βJa)
∏
l∈∂a\i tanh2(βhl→a)

.

(2.98)

�§(2.97)Ú(2.98)��±©Od(2.52)Ú(2.53)Ñuí�Ñ5"

ü�Cþ!:i, j�m�åld(i, j)½Â�Ïf�äG¥ë�iÚj��á

´»þõU!:�ê8£�«¿ã2.7¤"~X§XJiÚjÑáu,�õU!

:a��C�!:8Ü∂a§Kd(i, j) = 1"XJiÚj©áuG ¥ü�pØ�ë

�ëÏü�§K�½Âd(i, j) =∞"g^ü:'é〈σiσj〉cÏ~�åld(i, j)�

êªP~§=〈σiσj〉c ∼ exp
[
−d(i, j)/ξ

]
§Ù¥ξ´A�'é�Ý"XÚ��U

�3,��.§ÝTc§��¸§ÝTé�CTc�§g^ü:'é〈σiσj〉cª�
u±�g/ª�ål
P~§=〈σiσj〉c ∼ [d(i, j)]−λ§Ù¥λ¡����.�

ê"��«�¹¿�XXÚ�g^ü:'éA��Ýª�uÃ¡�§éAu

XÚò3Tc?u)��ëY�C§XÚ�÷*5�k½5�UC"

�´,��¡§XÚ÷*5�Ñy½5UC¿Ø�½¿�Xg^ü:'

éA�ål�½¬ª�Ã¡�"~X§XJXÚ3§ÝTc?u)�´���

ëY�C§@o3�C§Ýüý�g^ü:'éA�ålÑ´k��"½þ
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m

k

i

j

l

ã 2.7: Cþ!:g^��m�:-:'é9:-8Ü'é«¿ã"!:iÚj�

ål�1"
?uJ���þ�!:k, l,m��i�ål�2§§��¤8Ü∂2i"

£ãXÚ¥�'é5��,��­�ÔnÆþ´:Ú8Ü�'é£point-to-

set correlations¤[20, 24]"�Ä?�Cþ!:i¿�E��8Ü∂di§8Ü∂di�

¹G¥¤k�i�ål�d�Cþ!:§=∂di ≡ {j|d(i, j) = d}"�
�	
Cþ!:i �g^G�σi�8Ü∂di�g^G�σ∂di ≡ {σj |d(i, j) = d}�'
é§·��±ÀJσi�,�Ü·¼ê§f(σi)§±9g^�σ∂di�,�Ü·¼

ê§g(σ∂di)§¿ïÄùü�¼ê��m�ë�'éµ〈
f(σi)g(σ∂di)

〉
c
≡
〈
f(σi)g(σ∂di)

〉
−
〈
f(σi)

〉〈
g(σ∂di)

〉
. (2.99)

XJ〈f(σi)g(σ∂di)
〉
c
�Xåld
�êªP~§=〈f(σi)g(σ∂di)

〉
c
∼ e−d/ξ§K

`²��?uXÚSÜ�Cþ!:i �g^G�ØÉXÚ>.^��K�"

XJ〈f(σi)g(σ∂di)
〉
c
∼ d−λ£�gP~¤§K¿�XXÚSÜ�G�r���

6u>.G�"

O�:Ú8Ü�mg^��'ék­��¿Â§�%´��é(J�?

Ö"©z[20, 24] éu�Å�äþ��
{ü�.XÚ�
�
nØþ�&

?§�XÛÏL�ED4�S��{O�:Ú8Ü�m�'éE,I�nØ

þ�?�ÚuÐ"

2.6 E�é¡«+ÄåÆL§

þ�!�E�é¡�nnØ·^uïÄ���½�g^Àæ��"Ó�

�g^Àæ�.éAuNõØÓ��§ù
��kØÓ��p�^ëê½ö
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2.6. E�é¡«+ÄåÆL§

§���äë��ªØÓ"&gDÂ�§��±^5ïÄdØÓ��¤�

¤�Xn�²þÚOÔn5�§~X��gdU�Xn²þ�§��²þU

þ�Xn²þ���"äN�O��Y´E�é¡«+ÄåÆ£population

dynamics¤S�L§[22]"·�3d0�TO��Y��:"�{üå�b½

XÚ�g^Ñ�kü�©þ§�A�BP�§��§£2.50¤"

Äk½Â���Ý�N�¢ê8Ü§P�P [hi→a]§¿Uì,«©Ù�

)N � 1��Å¢êhi→a��ù�8Ü�Ð©��"�«~^�Ð©z�{

´-8ÜP [hi→a]�z����Ñ�0"8ÜP [hi→a]�±w¤´dÏf�ä¤

k�>þ��n|hi→a �¤���«+"

,�·�é«+P [hi→a]���Øä?1�#§��«+3VÇ�¿Â

þ��­�"z�gÄ���#�¹XeA�Ú½µ

£1¤ �â�½g^ÀæXÚ�5�§�)��Cþ!:i�	|h0i§¿�)�

��Å�K�êki��!:i3Ïf�ä¥�ëÏÝ¶

£2¤ �â¤ïÄ�g^ÀæXÚ�ÚO5�§�)��õU!:b�À�[

ùÏfψb§§´kb�g^σi!σj!σk!. . .�¼ê¶,�l«+¥P [hi→a]±

�pÕá����Å��ªÀ�kb��n|hi→b!hj→b!hk→b!. . .§¿

d�§£2.50b¤�����n|ub→i¶õU!:b�²þUþ9gdU�

z�dùkb��n|O�Ñ5§~X§�gdU�zdL�ª£2.78¤�

��

fb = −(kb − 1)
1

β
ln
[∑
σ∂b

ψb(σ∂b)
∏
j∈∂b

qj→b(σj)
]

;

£3¤ ­E1£2¤Ú�����)
ki��n|ua→i!ub→i!. . .§,�ÏL

�§£2.50a¤��ki�#��n|hi→a!hi→b!. . .¿^§�5O�«

+P [hi→a] ¥�ÅÀ��ki���¶Cþ!:i�²þUþ9gdU�z

�±�A/O�Ñ5§~X§�gdU�zdL�ª£2.78¤���

fi = − 1

β
ln
[∑
σi

ψi(σi)
∏
b∈∂i

∑
σ∂b

δ(σbi , σi)ψb(σ∂b)
∏

k∈∂b\i

qk→b(σk)
]
.

ÏLþã�«+ÄåÆS�L§§·�ò¼���­�«+P [hi→a]§¿

ò��9åÆþ�Xn²þ�"±gdU�ÝXn²þ�f�~§ÙL�ª

�â£2.78¤���

f = fi − αfb , (2.100)
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Ù¥α ≡ M
N
´õU!:ê8�Cþ!:ê8�'�§
fiÚfb©O´Cþ!

:ÚõU!:�gdU�z�Xn²þ�"

2.7 �Å5K�ä�.þ�A^

ù�!ÏL�Å5K�äþ�c^�.Úg^Àæ�.5ü«E�é¡

�nnØ�A^9ÙÛ�5"�?Ø{üå�§��ÄüN�p�^§�X

Ú¥z�Cþ!:i�g^�σi = ±1§vk	Ü^|£h0i = 0¤"

2.7.1 c^XÚ

3���Å5K�ä¥§z��!:Ñ�K����ÅÀ��Ù§!:

�ë§�11.1.3!�0�"�Å5K�äþ�c^�"�.�Uþ¼êdU

þL�ª£2.2¤½Â§Ù¥�ä�z�^>(i, j)þ�g^ÍÜ~êÑ�Ó�

�J > 0£3��!±��?Ø¥§·�òXÚ�ü Uþ��J¤"ù�X

Ú�&gDÂ�§�(2.50a) Ú(2.52)"duXÚ¥z�!:Ñ�K�Ù§!

:u)c^�p�^§���n^|hi→aÚua→i ÑØ�6u!:iÚ�p�

^a§=hi→a ≡ h§ua→i ≡ u§
h�u�XeÍÜ�§�)µ

h = (K − 1)u , u =
1

β
atanh

[
tanh(β) tanh(βh)

]
. (2.101)

XÚ�²þ^zrÝ�BPCq��

m =
1

N

N∑
i=1

〈σi〉0 = tanh
[
βKu

]
. (2.102)

ÏL�
©Û�±uygU�§£2.101¤�3���.§ÝTcµ

(K − 1) tanh
[ 1

kBTc

]
= 1 . (2.103)

�§ÝT > Tc�§�§£2.101¤�k��)h = u = 0§éAu^^�§X

Ú²þ^zrÝ�""�§ÝT < Tc�§�§£2.101¤Ñyü|�"­½)§

éAuXÚÑygu�c^5§XÚ�²þ^zrÝm = +m0½m = −m0§

Ù¥

m0 = tanh
[
βK|u|

]
(u 6= 0) . (2.104)

éuK = 4��¹§Tc ' 2.8854£éAu�._§Ýβc ≈ 0.347¤¶
é

uK = 6��¹§Tc ' 4.9326£éAuβc ≈ 0.203¤"ã2.7.1'�
²þ^z
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ã 2.8: �Å5K�äc^�"�.�²þ^zrÝ£þ¤9²þUþ�Ý

£e¤�_§Ýβ�'X"¢�´&gDÂ�§ýó�(J§
�:´3ü�

�Å�ä£�¹N = 104�!:½N = 105�!:¤þ?1GlauberÄåÆ�

[[27]���(J"�ãéAuK = 4§
mãéAuK = 6"3c^�C

:T = TcNCk���k�ºÝ�A§¤±�k�!:êNv
õ��[(

JâÚnØ­�����"

rÝ�nØýó�O�Å�[(J�'�§�±w��ö�p¬Ü�éÐ"

ù`²&gDÂ�§U
�~°(/£ã�Å5K�äc^�"�.�ÚO

Ôn5�"3c^�C:TcNCk���k�ºÝ�A§�XÚ�¹�!:

êN�õ§E�é¡�nnØ�O�Å�[�½þÎÜÒ�Ð"

äk±Ï5>.^����¬�£�êD = 2¤!á�¬�£D = 3¤9

�á�¬�£D ≥ 4¤þ�c^�"�.�&gDÂ�§�ØÄ:�Ó�d

�§£2.101¤(½"�ù
k��XÚ�c^�C§Ý%ØÓu&gDÂ

DÂ�§ýó�(J"~X��¬�NX�c^�C§Ý�°(��Tc =

2/ ln(1 +
√

2) ' 2.2692 [17, 18, 28]§$u&gDÂ�§�ýó2.8554"E¤

E�é¡�nnØ3k��¬�NXc^�CNCØ·^��Ï´XÚ¥�
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fk ia bc

d e

j

ã 2.9: �Å5K�ä£Cþ!:ëÏÝK = 4¤c^�"�.¥�!:G�'

é"du�ä¥£´��Ý39åÆ4�£N → +∞¤�uÑ§!:j Úi�m
�G�'é==ÏL§��m��á´»j−a−k · · · b− i5D4"�!:jþ
\\��	|h0j�§¤k��ù��á´»��E§~Xuc→jÚud→kÑØ¬

É�h0j�K�§=
∂uc→j

∂h0
j

= ∂ud→k

∂h0
j

= 0§
iÚj�m��á´»þ¤k÷j�

�i��þ��E£~Xhj→a§ua→k§ub→i��¤Ñ�h
0
j�'"

3Nõá§£´"3�C�.§ÝTc�§XÚ�'é�ÝC��5��§�

��uá§£´��Ý§���ãégdU�?��zØ��ÑØO"·�

ò318Ù?Ø&gDÂ�§3k��XÚ�U?"

·�y35O��Å5K�äNX¥ü��áål�d�Cþ!:i�j�

m�G�'é§Ù¥åld�uiÚj�m��á´»þõU!:�ê8"�N →
+∞ �§i Új �m�'éA���ÏL§��m��á´»5D4"du
�Å�ä�ÛÜ(�´äG�§�d�k���§iÚj�m��á´»�k�

^§ë�«¿ã2.9"éuN →∞��Å5K�ä§duz��!:�k��
»S�Û�f�äÑ´äG(�§�!:j þk���"	|h0j ��k�ê

�
>(k, b)þ�BP�Eua→kÚhk→b¬É�	|h
0
j�K�"éu«¿ã2.9¥

�>(i, b)
ó§d�§£2.97¤Ú£2.96a¤��

∂ub→i
∂h0j

=
( tanh(βJ)[1− tanh2(βh)]

1− tanh2(βJ) tanh2(βh)

)d
, (2.105)


éu!:i±��Ù§õU!:£~X!:eÚf¤D4�i��EÑØ�h0j


UC"òù
O�(J�\L�ª£2.95¤Ò��g^σiÚσj�'é�åld�

P~'X

〈σiσj〉c = (1−m2
0)
( tanh(βJ)[1− tanh2(βh)]

1− tanh2(βJ) tanh2(βh)

)d
∝ exp

(
− d
ξ2

)
, (2.106)
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ã 2.10: 39åÆ4�N =∞e§�Å5K�äc^�"�.�ü:'é�
Ýξ2�_§Ýβ�'X"�ä�ëÏÝK = 4½K = 6"

Ù¥ξ2´g^ü:'éA��Ýµ

ξ2 =
1

ln
(

1−tanh2(βJ) tanh2(βh)
tanh(βJ)[1−tanh2(βh)]

) . (2.107)

ã2.10w«
'é�Ýξ2�§Ý�Cz­�"3?¿§ÝT?'é�Ýξ2

Ñ´k��"ξ2�,3§ÝT = Tc?��4��§�§¿�uÑ"ù�¬�

NX�c^�"�.�5�kwÍ�ØÓ"éu��aXÚ§3c^�C?

XÚ�ü:'é�Ýª�uÃ¡�[1, 2]"éu9åÆ4�N = ∞e��Å
�ä§XJ·��ÅÀ�ü�£½k�õ�¤Cþ!:§ù
!:�mkª�

u1�VÇ�p�mØ�3'é"duù��Ï§��&gDÂ�§£9Ù�

��Bethe-PeierlsCq¤U
3¤k�§Ýe°(£ã�Å�äXÚ¥c^

�"�.�5�"

Q,�Å�äXÚ�ü:'é¼ê3?Û§ÝeÑ´k��§@�ÛX

ÚE,�3���C�.§ÝTcº¢Sþ3T = Tc?XÚ�(�3��uÑ

�A��Ý§=:�8Ü�m�A�'é�Ý[20, 24, 25]"ë�«¿ã2.7"Ð

Ñ/`§3�.§ÝTc?§Ã¡��Å�äXÚ¥�z�!:iÚål�?¿

�d�>.!:8Ü�8NG�σ∂diÑ´�'�"�,!:i�g^σi3Tc?

kÓ��VÇ�+1½−1§�3�½>.g^8NG�σ∂di�§g^σi�^�

VÇØ2´þ!©Ù"Ïd·�d>.�.σ∂diU
¼�¥%!:i�G�&

E§
ÃØ>.l¥%!:kõ�"
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:�8Ü�m�'é�'uü:�m�'é
ó§́ �«�f��gþ

�'é"�Å�äXÚ�A�´ü:'é�Ýo´k�§�:�8Ü�m�

'é�Ý3�.§Ý?uÑ"
5K¬�XÚ¥�'é�r§§�ü:'é

�Ý3�.§Ý?�´uÑ�"

2.7.2 g^ÀæXÚ

·��Ä�Å5K�äþ�g^Àæ�.£2.3¤§Ù¥z^>(i, j)þ�Í

ÜJij´���Å~ê§k�Ó�VÇ�u+JÚ−J£3��!±��?Ø¥§
·�òXÚ�ü Uþ��J¤"·�3XÚ����½��þ$1
BPS

��§§uyBPS�L§3_§Ýβ�u,��.�βc�o´Âñ����

ØÄ:§�¤k�BP�n|hi→aÚua→iÑ�u"§=XÚ?u^^�"�X

Jβ > βc§@oBPS�L§òØU3ü���þÂñ§ù�XÚ?ug^À

æ�"éuK = 4��Å5K�ä§βc ≈ 0.659¶
éuK = 6 ��Å5K�

ä§βc ≈ 0.481"3BPS�L§Âñ�^^�£β < βc¤§BP�§¤ýó��

�²þUþ�Ý�O�Å�[�(J��¬Ü"

�β > βc��.£2.3¤?ug^Àæ�§·�ò3e�Ù&?£ãg^

Àæ��nØ�{"�,BPS�L§3g^Àæ�ØUÂñ���ØÄ:§

�·�E,�±|^BPS��§é�Å��¤�¤�Xn�²þ5�?1

�O§=éXn�ÚO5�?1E�é¡«+ÄåÆ�["ã2.11´«+Ä

åÆL§¤ýó�Xn²þUþ�Ý9ü����²þUþ�Ý�'�§·

�uy3β < βc�«�ùü�Uþ�Ý���¬Ü¶�β�Lβc �§ü��

��²þUþ�Ý�pu«+ÄåÆýó�Xn²þUþ�Ý§��ö��

å�k3β � βc�«�âC�wÍ"éu�½_§Ýβ > βc§ÏLE�é¡

«+ÄåÆ�[·�U
¼��.£2.3¤�Xn²þUþ�Ý���e�"

3g^Àæ�XÚ��­��Sëþ´Edwards-Anderson�UqEA [9]§

=

qEA ≡
1

N

N∑
i=1

〈σi〉2 , (2.108)

Ù¥〈σi〉´!:i�g^²þ�"ã2.11'�
«+ÄåÆ�[ýó�qEA��

ü���þ?1O�Å�[¤���qEA���å"éü���?1O�Å�

[�§·�æ�üg^GlauberÄåÆL§[27]§z�100ÚéXÚ��*�.

?1�gæ�¶3z�Monte CarloÚ¥§���z�g^ÑÏLGlauberÄ

åÆ5K?1
�g�#"
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E�é¡«+ÄåÆ�[ýóXÚ3β > βc�?ug^Àæ�"Cþ!

:�²þ^ÝØ�u"§�qEA > 0¶�XÚØLyÑ÷*�^Ý§Ï�ØÓ

Cþ!:�²þ^Ýk�kK§�p-�"O�ÅGlauberÄåÆ�[�(J

�|±ù�(Ø§�ã2.11"
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ã 2.11: �Å5K�äEdwards-Andersong^Àæ�.�²þUþ�Ý£þ¤

9g^ÀæSëþqEA£e¤�_§Ýβ �'X"¢�´é&gDÂ�§?1

E�é¡«+ÄåÆS�¤���(J§
!/Ú�/:´3ü��Å�ä

£�¹N = 104½N = 105�!:¤þ?1GlauberÄåÆ�[���(J"�

ãéAuK = 4§
mãéAuK = 6"ã¥�J�I«Ñg^Àæ�C�

�._§Ýβc"�β > βc�§&gDÂS�L§3ü��Å�ä��þØU

Âñ"

·���±^BP�§5ïÄk��Edwards-Andersong^Àæ�."

3����¬��O�Å�[(J[47]L²§BP�§�^^)3_§Ýβ >

0.371�´Ø­½�§�­��Ï´XÚ¥�g^ü:'é�Ý3$§��L

¬�¥�á§£´��Ý"����¬�þ�Edwards-Andersong^ÀæX

Ú�U¿Ø�3k�§Ý�g^Àæ�"
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2.8 KikuchigdU�¼

Bethe-PeierlsgdU£2.73¤��±L«¤Cþ!:9õU!:g^�>

�VÇ©Ù��¼µ

F0 =
∑
a

[∑
σ∂a

pa(σ∂a)
(
Ea(σ∂a) +

∑
j∈∂a

Ej(σj)
)

+ 1
β

∑
σ∂a

pa(σ∂a) ln pa(σ∂a)
]

+
∑
i

(1− ki)
[∑
σi

qi(σi)Ei(σi) + 1
β

∑
σi

qi(σi) ln qi(σi)
]
. (2.109)

ù�L�ª¢Sþ´KikuchiìqC©gdU��«�{ü/ª[16, 3, 26, 33,

47]§�·�òÙ¡�KikuchigdU�¼"5¿�ù��¼¥�VÇ©Ù¼

ê7L÷v�N'X£2.88¤"

�ÄdõU!:a9Ù�C�Cþ!:8Ü∂a¤�¤�fXÚ"�Tf

XÚg^�éÜ©Ù�pa(σ∂a)�§d�§£2.18¤�ÙgdU�

Fa+∂a
[
pa
]
≡
∑
σ∂a

pa(σ∂a)
(
Ea(σ∂a) +

∑
j∈∂a

Ej(σj)
)

+
1

β

∑
σ∂a

pa(σ∂a) ln pa(σ∂a).

(2.110)

ù�gdUÒ´KikuchigdU£2.109¤�1��"

2�Äd��Cþ!:i¤�¤�,�fXÚ"�i�g^�©Ù�qi(σi)�§

ù�fXÚ�gdU�

Fi
[
qi
]
≡
∑
σi

qi(σi)Ei(σi) +
1

β

∑
σi

qi(σi) ln qi(σi). (2.111)

5¿3£2.109¤¥§Cþ!:iéKikuchigdU��z�¦þ��Ïf(1 −
ki)"éù�¦ÈÏf�*/)º´µz���i�ë�õU!:a�gdU�

zFa+∂a[pa]¥Ñ�¹
!:i ��z§��!:i��z�­E�Ä
kig§

Ï
I�òi�gdU�zFi[qi]~�(ki − 1)g"

SK 2.11 lBethe-PeierlsgdU£2.73¤Ñu§|^L�ª£2.86¤Ú£2.87¤§

¿�Ä�N'X£2.88¤9BP�§£2.47a¤§í�ÑKikuchigdU�¼L�

ª£2.109¤"

18Ùò�[0�ìqC©{9Ùí2§·�ò¬?Øí�KikuchigdU

�¼�,�«�ª"

l�©¼êÑu§·�í�ÑBP�§§?
��Kikuchi gdUL�ª

£2.109¤"duKikuchigdU´VÇ©Ù{qi, pa}��¼§·�'%§3�N
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'X£2.88¤��åe�4��§ù�4�¯KéAuXe��¼µ

K
[
{qi, pa}

]
≡
∑
a

Fa+∂a
[
pa
]

+
∑
i

(1− ki)Fi
[
qi
]

+
∑
a

λa
∑
σ∂a

pa(σ∂a)

+
∑
(i,a)

∑
σi

λia(σi)
[
qi(σi)−

∑
σ∂a\i

pa(σ∂a)
]
. (2.112)

þª¥§.�KF¦fλaéAuVÇ©Ùpa(σ∂a)�8�z�å¶
.�KF

¦fλia(σi)K´g^�σi�¼ê§§éAuVÇ©Ù�N'X£2.88¤9VÇ

©Ùqi(σi)�8�z�å"ò£2.112¤¦��C©��

∂K[{qi, pa}]
∂qi(σi)

=
1− ki
β

[
ln qi(σi) + 1 + βEi(σi)

]
+
∑
a∈∂i

λia(σi), (2.113a)

∂K[{qi, pa}]
∂pa(σ∂a)

=
1

β

[
βEa(σ∂a) +

∑
j∈∂a

βEj(σj) + 1 + ln pa(σ∂a)
]

+ λa −
∑
j∈∂a

λja(σj). (2.113b)

d4�^�∂K/∂qi(σi) = 0 �íÑXe(ØµXJCþ!:i´�á!

:§ki = 0§@oqi(σi) ∝ e−βEi(σi)¶XJi �ë����p�^a§ki = 1§@

o.�KF¦fλia(σi) = 0§Ø�6ug^�σi¶
éuki ≥ 2�Ù§�¹§

qi(σi) ∝ e−βEi(σi)
∏
a∈∂i

exp
[βλia(σi)
ki − 1

]
, ki ≥ 2. (2.114)

d,��4�^�∂K/∂pa(σ∂a) = 0 K�Ñµ

pa(σ∂a) ∝ e−βEa(σ∂a)
∏
i∈∂a

exp
[
βλia(σi)− βEi(σi)

]
. (2.115)

�§£2.114¤Ú£2.115¤¥�.�KF¦f¼êλia(σi)d>(i, a)þ��N'

X

qi(σi) =
∑
σ∂a\i

pa(σ∂a)

5(½"z�|÷v�N'X�.�KF¦f¼ê8Ü{λia(σi) : (i, a) ∈
G}¤éA�gdU4�2Ñ�±dL�ª£2.109¤O�Ñ5"XJkõ|÷

v�N'X�)�3§@oATÀ�gdU�$�)"

2ù�gdU4��U´4��§��U´4��½Q:§ùI�ÏLO�gdU�¼���C©âU

(½"
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©z¥é�¼£2.112¤�4�¯K?Øéõ§¿JÑ
Nõ�{§�

ë�[29, 41, 44, 43]"éuüN�p�^�g^Cþ�kü�©þ��a¯

K§�N'X£2.88¤�±éN´/3VÇ©Ù¼ê�ëêzL§¥¢y§Ï


£2.109¤=C��|¢Cþ�¼ê§§�4�:�±ÏL&g`z£belief

optimization¤�{[41, 38]½Ù§�{[29, 44]¼�"

y34·�?ØKikuchigdU�¼4�:�BP�§ØÄ:�m�'X"

b½KikuchigdU4�:?�VÇ©Ù¼ê£2.114¤Ú£2.115¤(½
�

|.�KF¦f¼ê{λia(σi) : (i, a) ∈ G}"3z^>(i, a)þ½Â��#�¼

êηia(σi)�

ηia(σi) ≡ −λia(σi) +
1

ki − 1

∑
b∈∂i

λib(σi), (ki ≥ 2); (2.116)

XJCþ!:i�ëk��õU!:a§=ki = 1§@Ò½Âηia(σi) = 0"/Ï

uù�|¼êÒ�±ò.�KF¦f¼êλia(σi) �¤Xe�\Ú/ªµ

λia(σi) =
∑
b∈∂i\a

ηib(σi). (2.117)

òL�ª£2.116¤�<£2.114¤Ú£2.115¤Ò��

qi(σi) ∝ e−βEi(σi)
∏
a∈∂i

eβηia(σi), (2.118a)

pa(σ∂a) ∝ e−βEa(σ∂a)
∏
i∈∂a

[
e−βEi(σi)

∏
b∈∂i\a

eβηib(σi)
]
. (2.118b)

òù�(J��§£2.86¤Ú£2.87¤�'�§·�Ò��
¼êηia(σi)�BP�

§¥�VÇ©Ù¼êpa→i(σi)�m�éA'Xµ

pa→i(σi) ∝ eβηia(σi), (2.119)


,�VÇ©Ù¼êqi→a(σi) �L�ª��±aq/��µ

qi→a(σi) ∝ e−βEi(σi)
∏

b∈∂i\a

eβηib(σi). (2.120)

þ¡�©ÛL²§KirkuchigdU�¼£2.109¤�4�:�BP�§£2.47¤

�ØÄ:k��éA�'X[43, 44]µ�½£ãKikuchi gdU�¼��4�

:�.�KF¦f¼ê{λia(σi)}§d£2.116¤Ò��EBP�§£2.47¤��

�ØÄ:¶�L5§�½BP �§���ØÄ:§d£2.119¤Ú£2.117¤Ò
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��EKikuchigdU��|4�:.�KF¦f¼ê"|^S���{¦

)BP�§ØU��Âñ��ÿ§·��±|^ù«éA'X§ÏL¦�¼

£2.109¤4���{5¼�BP �§�ØÄ:[41, 44]"

�Ù�(

3�Ù§·�é½Â3Ïf�äGþ�g^�.£2.1¤í�
�©¼ê�

�ãÐmL�ª£2.69¤§¿d�©¼ê�ãÐm�Ñ
&gDÂ�§£2.47¤"

XÚo�gdU´Bethe-PeierlsgdU£2.73¤��ã?��z�£2.71¤�

ö�Ú"&gDÂ�§ÚBethe-PeierlsgdU�¤g^ÀæE�é¡²þ|

�nnØ[22]§ù�nØ�Ñ
gdU�ã?��z�"

·��lKikuchigdU�¼£2.109¤��Ý?Ø
&gDÂ�§§¿�

ÑKikuchigdU�¼�4�:éAuBP�§£2.47¤�ØÄ:"

·�±�Å5K�äþ��"�.9Edwards-Anderson�.�~?Ø


&gDÂ�§�{üA^"
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[22] Mézard, M., Parisi, G.: The bethe lattice spin glass revisited. Eur.

Phys. J. B 20, 217–233 (2001)
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