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Abstract

Sodium doped cobaltate NaxCoO2 has emerged recently as an important, layered tri-

angular lattice fermion system with a rich phase structure. These include an unexpected

charge-ordered insulating state at x = 0.5; an A-type antiferromagnetic (AF) phase around

x = 0.8; and a 5 K unconventional superconducting phase near x = 1/3 upon hydration. In

this dissertation, we study theoretically the physics of electronic correlation and geometric

frustration in the charge, spin and orbital sectors to address the electronic states in the

rich phase diagram of NaxCoO2.

First, we show that NaxCoO2 is a strongly correlated multi-orbital system, and the de-

scription of its band structure and magnetic properties requires a proper account of the large

Coulomb repulsion U at the Co sites. The strong electronic correlations drive orbital po-

larization and the band narrowing observed in angle-resolved photoemission spectroscopy,

and renormalize the Stoner criterion for magnetism which stabilizes the paramagnetic phase

against itinerant ferromagnetism below a critical electron doping, xc ∼ 0.64, above which

in-plane ferromagnetic order emerges.

Next, the interplay of electronic correlation and geometric frustration on the triangu-



lar lattice is investigated in connection to the unexpected insulating state of NaxCoO2 at

x = 0.5. We find a new class of charge and spin ordered states at x = 1/3 and x = 0.5

where antiferromagnetic frustration in the triangular lattice is alleviated via weak charge

inhomogeneity. At x = 0.5, we show that the
√

3a× 2a off-plane Na dopant order induces

weak
√

3a × 1a charge order in the Co layer. The symmetry breaking enables successive

√
3a× 1a antiferromagnetic and 2a× 2a charge/spin ordering transitions at low tempera-

tures. The Fermi surface is truncated by the 2a× 2a hexagonal zone boundary into small

electron and hole pockets.

At the end, the pairing symmetry of superconducting NaxCoO2 · yH2O is studied by

symmetry consideration and a variational mean-field theory. We show that long-range

d+id-wave pairings have some point nodes, which coincide with the normal state Fermi

surface at a particular doping, resulting a perfect V-shaped density of states and a T 3

variation of the spin relaxation rate below Tc down to zero temperature. At all other

dopings, the spin relaxation rate deviates from T 3 variation at low temperature, in good

agreement with the recent 59Co nuclear quadrupole resonance measurement. A possible

mechanism for the superconductivity is also proposed where spin-singlet pairing is mediated

by spin/orbital fluctuation of the 3d6 state.
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al. [9]. Moments are ordered into unfrustrated AFM chains that are AFM

coupled and separated by nonmagnetic chains. . . . . . . . . . . . . . . . 109

xix



5.3 (a).
√

3 ×
√

3 charge and spin order at x = 1/3 and V = 0. The charge

and spin densities are x = (0.32, 0.36, 0.32) and Sz = (0.18, 0.00,−0.18).

(b). Coincidence of
√

3×
√

3 zone boundary with the paramagnetic FS. (c).

Intensity of the quasiparticle peaks at the Fermi level. . . . . . . . . . . . 111

5.4 Quasiparticle dispersion (a) and average DOS (b) of the
√

3 ×
√

3 charge

and spin ordered state at x = 1/3 and V = 0. Figure (c) and (d) shows the

LDOS of site 1 and site 2 marked in Figure 5.3(a) respectively. The LDOS

of site 3 can be obtained by Switching the spins of site 1. . . . . . . . . . 112

5.5 Charge and spin order in the weak-coupling HF theory at x = 1/3. (a). At

V = 0, the U dependence of local electron doping and spin density at three

sites marked in Figure 5.3. (b). At U = 1 eV, the V dependence of local

electron doping and spin density. . . . . . . . . . . . . . . . . . . . . . . . 114

5.6 (a).
√

3 × 1 charge and AFM spin order at x = 0.5 and V = 1.5 eV . The

charge and spin densities x = (0.05, 0.95, 0.05) and Sz = (0.48, 0.00,−0.48).

(b). The corresponding quasiparticle dispersion shows a large insulating

energy gap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.7 The charge and magnetic Brillouin zones and Bragg peak locations of differ-

ent structures. Note the absence of Bragg spot at M1 for
√

3×1 AFM order.

(2× 2)h corresponds to the hexagonal magnetic zone and Bragg spots of the

state shown in Figure 5.9(c). Also shown in the lower right panel is the

ratio of magnetic Bragg intensity at M1 and M2 point in the temperature-

evolution state at x = 0.5 shown in Figure 5.10. . . . . . . . . . . . . . . . 118

xx



5.8 The room temperature electron diffraction patterns of Na0.5CoO2 in the

(hk0) plane, which shows the orthorhombic
√

3 × 2 superstructure of Na

dopants [6]. (b). Schematic top view of the Na order in Na0.5CoO2. . . . . 120

5.9 The self-consistent states at x = 0.5 for three different temperatures (a)

T = 20 meV, (b) T = 14 meV, and (c) T = 0. First column: charge/spin

ordering patterns and the unit cells. Second column: FS without thermal

broadening showing the anisotropic gapping of the FS. Third column: FS

when intensity scale is reduced by four orders of magnitude showing the

band folding along zone boundaries of corresponding charge/spin order. . 122

5.10 Temperature evolution of charge (electron doping) and spin densities at three

sites marked in Figure 5.9 for (a) V = 0.2 eV, Vd = 0.5 eV and (b) V = Vd =

0.2 eV. The spin/charge ordering transitions are marked by Tm1 and Tm2. 125

6.1 Temperature dependence of 1/T1 in NaxCoO2 · yH2O [4]. (a). Temperature

dependence of 1/T1 at x = 0.26. The arrow indicates Tc, and the straight line

depicts the T 3 variation. (b). A comparison of 1/T1 in the superconducting

state for samples with different Na concentrations. The inset shows the Na

concentration dependence of Tc. . . . . . . . . . . . . . . . . . . . . . . . 132

6.2 Pairing bonds for the 1st-NN, 2nd-NN, and 3rd-NN pairing, and their cor-

responding θij . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.3 The nodal points, lines and circles within the first Brillouin zone of the s-, p-

(p+ip-), d- (d+id-) and f -wave superconductivity on the first 3 neighboring

bonds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

xxi



6.4 The second NN d+id-wave pairing. (a). Temperature evolution of W∆ at

x = 0.19 and x = 0.5. The pairing strength is chosen as W (x = 0.19) = 80

meV and W (x = 0.5) = 125 meV, such that the Tc at two dopings are not

too different. (b). The corresponding DOS at zero temperature. (c). The

temperature dependence of Knight shift. (d). The temperature dependence

of unclear spin-lattice relaxation rate. . . . . . . . . . . . . . . . . . . . . 141

6.5 The doping x evolution of individual pairing ∆ℓ,n. . . . . . . . . . . . . . 143

6.6 Competition and coexistence of the (a) singlet and (b) triplet pairings on

individual nth bond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.7 Competition and coexistence of pairings on the first, second, and third bond

for the s-, d+id-wave, p+ip-, and f -wave pairing, respectively. . . . . . . . 145

6.8 Nodes in the gap function of the first NN s+d-wave pairing at ratio τs/τd =0,

0.1, 0.4, and 1.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

6.9 Orbital fluctuation induced s+d-wave superconductivity. (a). Electron dop-

ing x evolution of x∆ at T = 0. (b). Temperature T evolution of ∆ at

x = 0.35. (c). DOS at x = 0.35 and T = 0. (d). Temperature T dependence

of Knight shift and nuclear spin-lattice relaxation rate at x = 0.35. . . . . 152

xxii



List of Tables

6.1 Gap function ∆ℓ,n(k) for the nth NN pairing with a pair angular momentum ℓ.138

xxiii



Chapter 1

Introduction

The ultimate goal of condensed matter theory is to understand the macroscopic behavior

of systems, in all their rich diversity, starting from a detailed description of the individual

particles and the way they interact. This enterprise of relating the microscopics to the

macroscopics has had some remarkable success, such as the understanding of phase tran-

sitions in the framework of the renormalization group, and the Bardeen-Cooper-Schrieffer

theory of the conventional superconductivity. The general framework for understanding

the behavior of electrons in solids is that of the Landau Fermi-liquid theory, where the

properties of the single electron are changed or renormalized by its interactions with other

electrons to form quasiparticles, and the properties of the solid can then be understood in

terms of weak residual interactions among the quasiparticles. However, in the last several

decades, an increasing number of systems have been discovered where the Fermi-liquid

theory does not provide a satisfactory description of their behaviors. These systems are

characterized by the strong correlation between their microscopic particles, electrons, and

they are therefore referred to as strongly correlated electron systems. In a strongly corre-
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lated electron system, the interaction energy between electrons is comparable to or larger

than their kinetic energy, resulting in a strongly coupled many-body ground state, and,

potentially, the breakdown of the quasiparticle picture.

An important class of strongly correlated electron systems is the transition metal oxides,

whose properties are mainly determined by the valence d electrons of the transition metal

ions. Hybridization with the oxygen 2p electrons tends to delocalize the d electrons, while

the strong Coulomb repulsion between d electrons tends to localize them at atomic lattice

sites. The subtle balance between the competing forces gives rise to the rich physics of tran-

sition metal oxides. Among the transition metal oxides, the high temperature copper oxide

superconductors have attracted enormous attention from physicists, both experimentalists

and theorists, since its discovery in 1986, not only for their unusually high superconduct-

ing transition temperature for potential applications, but also for its significance to the

fundamental understanding of the many-body physics of nature.

1.1 High temperature copper oxide superconductors

In 1986, Bednorz and Müller discovered that when the lanthanum copper oxide, which is an

insulator, is doped with barium, it becomes a superconductor with a transition temperature

as high as 36 K [1], surpassing the previous record of 23 K. Similar materials with higher

Tc soon followed, including yttrium barium copper oxide (YBCO) which has a Tc =92 K,

above the temperature of liquid nitrogen and opened up the possibility of new applications.

The highest Tc at ambient pressure currently known is 138 K in a mercury-based cuprate

Hg0.8Tl0.2Ba2Ca2Cu3O8+δ [2]. Tc can be further coaxed up by approximately 25 to 30 K
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by applying a high pressure of 30 GPa [3]. The operative element in all of this family of

materials with high superconducting transition temperature is the conducting copper oxide

layers, and hence they are usually called as high temperature copper oxide superconductors,

or high-Tc cuprates in abbreviation.

For a system to be superconducting, the electrons must somehow overcome their mutual

electrostatic repulsion to form Cooper pairs. The conventional (low Tc) superconductors

are described well by the Bardeen-Cooper-Schrieffer (BCS) theory [4], where the electrons

are described in terms of renormalized quasiparticles, and the Coulomb repulsion between

a pair of electrons is overcome by the attraction mediated by the exchange of phonons.

The phonon mediated pairing in the BCS theory generically results in the formation of

Cooper pairs in the isotropic s-wave channel and s-wave superconductors. It is predicted

theoretically that the highest Tc attainable in BCS superconductors is around 30∼40 K,

above which thermal excitations prevent the formation of Cooper pairs and destroy super-

conductivity.

The electron-electron interactions in high-Tc superconductors are very strong compared

to the kinetic energy as measured by the bandwidth. The on-site Coulomb repulsion U

for Cu 3d electrons is around 5 ∼ 8 eV, giving rise to a strongly correlated many-electron

system. Many of its normal state properties can not be described by the Fermi-liquid theory.

The transition temperature is too high to be accounted for by the BCS theory, and more

importantly, its d-wave pairing symmetry [5–8] is generally incompatible with phonon-

based pairing mechanism. Many theories concerning the electron pairing mechanism in

high-Tc superconductors have been proposed, although a general consensus has not been

reached. These include, but are not limited to, spin pairing in the resonating valence bond
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(RVB) theory of doped Mott insulators [9]; pairing mediated by spin/magnetic fluctuations

[10]; pairing close to charge ordered states and fluctuating stripes [11]; and the polaronic

mechanism exploiting the consequences of very strong electron-phonon coupling [12].

In 1987, soon after the discovery of the high-Tc cuprates, Anderson [9] realized that

the operative element in their electronic structures is the square CuO2 lattice, and these

planes are weakly coupled to each other. In the antiferromagnetic (AFM) insulating, par-

ent (undoped) compound, the Cu valence is Cu2+ with an odd number of electrons per

unit cell. It is therefore a Mott insulator due to the strong on-site Coulomb repulsion

U . Virtual hopping of electrons favors anti-parallel spin alignment, leading to an AFM

exchange coupling J between the spins [13]. The AFM exchange J in cuprates is quite

large, approximately 120 meV. Instead of orienting the S = 1/2 spins (electrons) on two

separated, oppositely-directed sublattices to gain the AFM exchange energy J , Anderson

and Fazekas suggested in 1973 a competing RVB liquid state [14,15], where spins were sup-

posed to form singlet “valence bonds” in pairs, and regain some of the lost AFM exchange

energy by resonating quantum-mechanically among many different pairing configurations.

As one dopes this RVB state with electrons or holes, the spin-singlet pairs begin to move

coherently resulting in a singlet superconductor when the doped carrier density is sufficient.

The driving force for the pairing would be the AFM exchange coupling J in the original

Mott insulator. This type of superconductivity arising from the RVB liquid state is called

RVB superconductivity.

If this RVB argument is general for a doped Mott insulator, it will clearly be desir-

able to examine other strongly correlated electron systems which have similar structures

to the high-Tc cuprates. Many experimentalists have searched for similar behaviors in
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other layered transition metal oxides since the discovery of high-Tc superconductivity in

the cuprates. In 1994, Maeno and his collaborators [16] found that strontium ruthen-

ate (Sr2RuO4) becomes a superconductor below a transition temperature Tc ∼ 1.5 K.

Strontium ruthenate resembles the high-Tc cuprates structurally, but its superconductivity

behavior is completely different. Its normal state can be well described by the Fermi-

liquid theory, and its superconductivity is more like the superfluidity of helium-3, with a

p-wave pairing symmetry. The difference might, in some degree, originated from the orbital

degeneracy in strontium ruthenate. After that, researchers have not discovered other su-

perconducting transition metal oxides until recently in 2003 when Takada et al. discovered

superconductivity in Na0.35CoO2·1.3H2O [17].

1.2 Sodium doped cobalt oxide NaxCoO2

Researchers have been studying sodium doped cobalt di-oxide (cobaltate) for several years

for potential thermoelectric applications due to its large thermoelectric power at high

sodium concentration x ∼ 2/3 [18, 19]. In 2003, when Takada and his collaborators added

water molecules between the CoO2 layers of the cobaltate, trying to improve its thermoelec-

tric power by increasing the c-axis distance, they accidentally discovered that the compound

becomes a superconductor (Tc ∼ 5 K) near sodium concentration x = 0.35 and water con-

centration y = 1.3 [17]. As water mysteriously makes the cobaltate a superconductor, and

the water forms a structure that replicates the structure of ice, it is sometimes called an

“ice-superconductor”.

This discovery of superconductivity in sodium doped cobaltates has generated new
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excitement in the community of correlated electron materials. It might be the long sought

RVB superconductor on a triangular lattice which was the basis of Anderson’s original idea

of a possible quantum spin liquid state [9]. Because of the AFM frustration on the triangular

lattice, it is believed that a RVB state is relatively easier to be realized here than on the

square lattice of high-Tc cuprates [20]. Another reason why the sodium doped cobaltate

attracted so much attention is that the interplay between strong electronic correlation and

geometric frustration as well as the Na dopants led to a phase diagram [Figure 1.1(a)]

with many unconventional properties [21]. The generic phase diagram of high Tc cuprate

[Figure 1.1(b)] is also plotted for comparison.

The outstanding feature of the complex and rich phase diagram of NaxCoO2, shown in

Figure 1.1(a), is the charge-ordered insulating state at x = 0.5, sandwiched between para-

magnetic (PM) metallic state at lower sodium contentration and the Curie-Weiss metallic

state at higher x. Note that x = 0.5 is not a natural commensurate filling fraction on the

triangular lattice, the emergence of the insulating “0.5 phase” is highly unexpected. The

thermoelectric power around x ∼ 2/3 is unusually large, mainly due to the spin entropy

carried by the strongly correlated holes (Co4+) hopping on the triangular lattice [19]. Above

x ∼ 3/4, NaxCoO2 is an A-type AFM ordered spin-density-wave (SDW) metal, ferromag-

netic (FM) in the CoO2 layer and AFM between layers. When intercalated with water,

NaxCoO2 · yH2O becomes superconducting below 5 K [17], and exhibits a superconducting

dome at 1/4 < x < 1/3 [22–24].

Although the superconducting transition temperature of the cobaltates is much smaller

than the value of high-Tc cuprates, many experiments show that the superconducting state

is also unconventional, with nodes in the gap function. It is believed that understanding
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Figure 1.1: (a). Phase diagram of sodium doped cobaltates NaxCoO2 [21]. (b). Generic

phase diagram of hole-doped cuprates. Notations and details can be found in the original

references.

the physics in the cobaltate might shine some light on the high-Tc problem in addition to

the understanding of correlation and frustration on triangular lattice, given the important

similarities and differences between these two families of materials.

1.2.1 Crystal structure

The crystal structure of NaxCoO2 consists of two-dimensional (2D) triangular CoO2 layers

of edge-sharing CoO6 octahedra separated by insulating layers of Na+ ions. There are

four known phases of NaxCoO2 with slightly different structures named as α-, α′-, β-,

and γ-phases distinguished by the stacking order of CoO2 layers and Na-O environments.

Figure 1.2 shows the schematic structures of β-NaxCoO2 and γ-NaxCoO2 in a-c plane [25].

The β-phase has a monoclinic unit cell with a C2/m space group symmetry and lattice

constants of a = 2.840 Å, b = 2.828 Å, c = 5.720 Å, and β = 105.96◦. While the γ-phase

has a hexagonal structure with a P63/mmc space group symmetry and lattice constants
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Figure 1.2: Schematic structure of β-NaxCoO2 and γ-NaxCoO2 [25]. Rhombus and filled

circle symbolizes a CoO6 octahedron and Na ion, respectively.

Figure 1.3: A three-dimensional view of the crystal structure of (a) as-grown unhydrated

Na0.61CoO2 sample and (b) fully hydrated Na0.3CoO2·1.4H2O [26]. The crystal structure

of (c) high-Tc cuprate La2CuO4 is also shown for comparison.
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of a = b = 2.840 Å, and c = 10.811 Å. In β-NaxCoO2, the in-plane direction of CoO6

octahedron in CoO2 layer is parallel with the nearest CoO2 layers, while in γ-NaxCoO2,

the direction is alternating with the nearest CoO2 layers. We consider only γ-NaxCoO2

through out this thesis.

A three-dimensional view of the crystal structure is presented in Figure 1.3(a) for a

as-grown Na0.61CoO2 sample [26]. The crystal structure of high Tc cuprate La2CuO4 is

also plotted in Figure 1.3(c) for close comparison. Clearly, both materials are of 2D layered

structure, and their operative elements are the CoO2 and CuO2 layers respectively, which

are separated by insulating Na+ or La3+ ions. At the same time, there are significant

differences in the crystal structure between these two materials. The most notable difference

is that Co atoms form triangular lattices, in contrast to the square lattice of Cu atoms.

There is consequently AFM frustration on the triangular lattice in cobaltates. Another

difference is that CoO6 octahedra in cobaltates are largely tilted, while the CuO6 octahedra

in cuprates are not tilted. As a result, in cobaltates, CoO6 octahedra share edges with the

nearest octahedra within the same CoO2 layer, and all oxygens are not on the Co layer.

More interestingly, due to the tilt, the Co 3d orbitals point to the middle point of oxygen-

oxygen bonds. This means the Co 3d orbitals only weakly hybridize with oxygen 2p orbitals

in cobaltate. In cuprates, on the other hand, CuO6 octahedra share four corners with the

nearest octahedra within the same CuO2 layer. The four corner oxygens (2px,y) are on the

Cu layer, and they strongly hybridize with the Cu 3d orbitals to form Zhang-Rice singlet.

In Bi-based cuprates, the interstitial oxygen dopants are believed to distribute them-

selves quite randomly [27], La2CuO4 is hole-doped by substitution, replacing some of the

trivalent La3+ ions by bivalent ions, such as Sr2+. On the other hand, as clearly seen
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in Figure 1.3(a), there are two kinds of specific sites for the interstitial sodium ions in

NaxCoO2. As one looks down along the c-axis, Na ion can be located either right on top

of the Co sites or at the center of a triangle formed by the Co atoms. The former position

is called Na(1) site and the latter, Na(2) site. This implies that the coupling strength

between the interstitial Na+ ions and the CoO2 layers in the cobaltate is stronger than the

coupling between the interstitial O2− ions and CuO2 layers in the Bi-based cuprates. In

another words, the cobaltate is less 2D compared to the cuprates, and it might be one of

the reasons why cobaltates need to be hydrated to become a superconductor.

What does the hydration do to the material, and how does it produce the supercon-

ductivity is not fully understood currently. From the structure point of view, as shown

in Figure 1.3(b), the water forms two additional layers between the Na and CoO2 layers,

increasing the c-axis lattice constant to 19.6 Å [26]. The Na ions are found to occupy a

different configuration from the parent unhydrated compound; all Na ions are located at

Na(2) sites. Neutron scattering also fond that the water forms a structure that replicates

the structure of ice.

1.2.2 Atomic orbitals

Both Co and Cu are transition metals. They are very close to each other on the periodic

table of elements, as shown in Figure 1.4, with an atomic number of 27 and 29 respectively.

The valence atomic orbitals of both Co and Cu are the five degenerate 3d orbitals. The

schematic pictures of the 3d orbitals are shown in Figure 1.5(a). Co and Cu atoms form

an octahedron with the six neighboring oxygen atoms. The CoO6 octahedron is largely

tilted, as shown in Figure 1.5(b), while there is little tilting in the CuO6 octahedron.

10



Figure 1.4: Periodic table of the elements. The positions of a few transition metals (Co,

Ni, and Cu) are enlarged in the inset.
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Figure 1.5: (a). Schematic pictures of the five degenerate 3d orbitals. (b). Each Co ion

(blue sphere) forms a octahedron (grey bonds) with the six neighboring oxygen ions (red

spheres), and the octahedron is tilted. The yellow spheres are interstitial Na ions. (c).

Behavior of Cu and Co 3d orbitals under its local chemical environment; (d). Atomic

occupation scheme for the Co ions in cobaltates. See text for details of figure (c) and (d).
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The different chemical environment will generate different crystal fields on Cu and Co 3d

orbitals [28]. The structure fields and how the 3d orbitals respond to them are summarized

in Figure 1.5(c). The octahedral crystal field splits the 5 degenerate 3d orbitals into two

upper eg orbitals and three lower t2g orbitals, with a separation about 2.5 eV in cobaltates.

In cuprates, the orthorhombic field of its perovskite structure further split the two eg

orbitals into one upper dx2−y2 and one lower dz2 orbital. Whereas, in cobaltates, the

trigonal field due to the tilting of the CoO6 octahedron lifts the degeneracy of t2g orbitals,

resulting two upper e′g orbitals and one lower a1g orbital.

In the undoped cobaltate CoO2 (x = 0), Co is in the Co4+ configuration, with 5 valence

electrons occupying the 3d orbitals. In the atomic limit, the electrons will fill up to e′g

orbitals, as shown in the left column of Figure 1.5(d), one fully occupied and the other

half-filled. Clearly, the low-spin state of Co4+ has S = 1/2. There is an orbital degree

of freedom and this compound is a multi-orbital system. As sodium is doped into the

cobaltate, each Na atom donates one electron to the CoO2 layers and become Na+. The

doped electron fills the half-filled e′g orbital, as shown in the right column of Figure 1.5(d).

The Co4+ ion adopts an electron and becomes spin-zero Co3+ ion and the low-spin state

has S = 0.

Cu in the undoped cuprates (x = 0) is in the Cu2+ configuration, with 9 valence electrons

occupying the 3d orbitals. This leaves dx2−y2 orbital half-filled, and all other 3d orbitals

are completely filled. If electrons are doped into cuprates, just like the case in cobaltate,

they can only go to the half-filled dx2−y2 orbital. The electron-doped high Tc cuprates can

therefore well described by a single-band model. The situation is quite different in the hole-

doped high Tc cuprates. It is more convenient to use the hole picture, where the vacuum
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is the 3d10 (Cu+) state. In the undoped case, there is one hole on the dx2−y2 orbital, and

all other 3d orbitals are empty. Notice that oxygen 2px,y orbitals are also empty, siting

2 ∼ 3 eV above the dx2−y2 orbital. As one dope holes into the system, the additional holes

would rather go to the four adjacent in-plane oxygen 2px,y orbitals, instead of going to Cu

3d orbitals and pay the huge on-site Coulomb repulsion U (5 ∼ 8 eV). This state, with

one hole on Cu and one hole on oxygen is the lowest energy state in the two-hole sector

of the CuO6 octahedron, and is called a Zhang-Rice singlet. This recovers a single-band

description for the hole-doped high-Tc cuprates when the Zhang-Rice singlets condense.

We end this section with a summary of the similarities and differences between sodium

doped cobaltates and high-Tc cuprates.

Similarities:

• Both Cu and Co are 3d transition metals.

• They have a 2D layered structure. Coupling between layers is weak.

• Cu and Co are surrounded by six oxygens, forming octahedral structure.

• Electron correlations, in particular the on-site Coulomb repulsion U , in both materials

are strong.

• The conducting plane is the transition metal oxide plane, which becomes supercon-

ducting under certain conditions.

• Low spin state S = 1/2, large quantum fluctuations.
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Differences:

• The valence bands are the t2g bands in cobaltates, but the eg bands in cuprates.

• Co atoms form triangular lattice in cobaltates, while Cu atoms form square lattice

in cuprates. Large AFM frustration in cobaltates, but no magnetic frustration in

cuprates.

• The AFM superexchange coupling J is small in cobaltates (∼ 6 meV), in contrast to

its value in cuprates (∼ 120 meV).

• Cobaltates have large CoO6 octahedron tilt, weak hybridization between Co 3d and O

2p orbitals. Whereas, in cuprates, small CuO6 octahedron tilt, strong hybridization

between Cu 3d and O 2p orbitals.

• The cobaltate is a multi-orbital system, while the cuprate, both electron- and hole-

doped, can be well described by a single-orbital model.
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Chapter 2

Electronic structure of NaxCoO2

In order to understand the electronic properties of a material, the first step would be to

study its electronic structure. A precise description of the band structure of a material,

especially the part close to the Fermi level, is very helpful in understanding its physical

properties, since most of the physical properties are determined by the low-energy quasi-

particles. For instance, superconductivity in the BCS theory is achieved when electrons

near the Fermi surface form Cooper pairs and condense to a coherent state.

In this chapter, we will first review briefly the density functional theory and see what it

predicts for the electronic structure of NaxCoO2. We then review the experimental observa-

tions by angle-resolved photoemission spectroscopy. There are fundamental discrepancies

between experimental observations and the band theory predictions, which suggest that

the effects of strong electronic correlations ignored in the band theory are important in the

cobaltates.
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2.1 Theoretic band structure of NaxCoO2

A material is simply a collection of atoms composed of nuclei and electrons, interacting

with each other by the fundamental force of nature, the electromagnetic force, described by

established laws of physics. This means that all material properties (chemical, mechanical,

electrical, magnetic, optical, thermal, · · · ) can, in principle, be predicted from nothing more

than the atomic number and mass of the atomic species involved. This kind of calculation

is said to be a first principle calculation, or ab initio calculation, since it relies on basic and

established laws of physics without any additional assumptions or special models. One of

the joys of first principle calculations is that, in many cases, a few number of atoms are

enough to make abstract quantum concepts come to life in the form of quantitatively accu-

rate, experimentally verifiable predictions-for quantities ranging from the Young modulus

of diamond to the absorption spectra of conjugated polymers. Among the first principle

calculations, density functional theory (DFT) [1,2] is one of the most popular and success-

ful quantum mechanical approaches to calculating the band structure of solids in physics,

though it cannot treat strong correlation properly.

2.1.1 Density functional theory

Traditional methods in electronic structure theory, in particular the Hartree-Fock theory

and its descendants, are based on the complicated many-electron wavefunction satisfying

the many-electron Schrödinger equation

HΨ = (T + V + U)Ψ =

[

−
N
∑

i

~
2

2m
∇2

i +

N
∑

i

V (~ri) +
∑

i<j

U(~ri, ~rj)

]

Ψ = EΨ, (2.1)
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whereH is the Hamiltonian of the many-electron system. HereN is the number of electrons,

T is the kinetic energy and U is the electron-electron interaction. The static external poten-

tial V from nuclei of the treated molecules or clusters is obtained in the Born-Oppenheimer

approximation, where the nuclei are seen as fixed. As one can see, the actual difference

between a single-particle problem and the much more complicated many-particle problem

just arises from the interaction term U . There are many sophisticated methods for solving

the many-body Hamiltonian based on the expansion of the wave function in Slater deter-

minants, and the simplest one is the Hartree-Fock method. However, since the many-body

wavefunctions depend on 3N variables (three spatial variables for each of the N electrons),

the problem with these methods requires a huge computational effort, which makes it

virtually impossible to apply efficiently to larger, more complex systems.

The main objective of DFT is to replace the many-body electronic wavefunction with

the electronic density as the basic quantity. The density

n(~r) = N

∫

d3r2

∫

d3r3 · · ·
∫

d3rNΨ∗(~r, ~r2, . . . , ~rN)Ψ(~r, ~r2, . . . , ~rN) (2.2)

is only a functional of three variables and is a simpler quantity to deal with both concep-

tually and in practice. Hohenberg and Kohn proved in 1964 [3] that the relation expressed

in Eq. (2.2) can be reversed, i.e., to a given density n(~r) it is in principle possible to

calculate the corresponding wavefunction Ψ(~r1, . . . , ~rN). In other words, Ψ is a unique

functional of n, Ψ = Ψ(n), and consequently all other observables O are also functionals of

n, 〈O〉 (n) = 〈Ψ(n) |O|Ψ(n)〉. From this follows, in particular, that the state energy is also

a functional of n,

E = E(n) = 〈Ψ(n) |T + V + U |Ψ(n)〉 , (2.3)

where the contribution of the external potential can be written explicitly in terms of the
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density

V (n) = 〈Ψ(n) |V |Ψ(n)〉 =

∫

V (~r)n(~r)d3r. (2.4)

Having specified a system, i.e., V (~r) is known, one then has to minimize the state energy

E(n) with respect to n(~r), assuming one has got reliable expressions for T (n) and U(n),

to yield the ground state density n0(~r) and thus the ground state energy E0, wavefunction

Ψ0 and all other ground state observables.

The variational problem of minimizing the energy functional E(n) can be solved by

applying the Lagrangian method of undetermined multipliers, which was done by Kohn

and Sham in 1965 [4]. Hereby, one uses the fact that the state energy E(n) can be written

as a fictitious density functional of a non-interacting system

Es(n) = 〈Ψs(ns) |Ts + Vs|Ψs(ns)〉 , (2.5)

where Ts denotes the non-interacting kinetic energy and Vs is an effective external potential

in which the electrons are moving. Obviously, ns(~r) = n(~r) if Vs is chosen to be Vs =

V +U +(T − Ts). Thus, one can solve the so-called Kohn-Sham equations of this auxiliary

non-interacting system
[

− ~
2

2m
∇2 + Vs(~r)

]

φi(~r) = ǫiφi(~r), (2.6)

which yields the orbitals φi that reproduce the density n(~r) of the original many-body

system

n(~r) = ns(~r) =

N
∑

i

|φi(~r)|2 . (2.7)

The effective single-particle potential Vs can be written in more detail as

Vs = V +

∫

e2ns(~r
′)

|~r − ~r′| d
3r′ + VXC(ns), (2.8)
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where the second term denotes the so-called Hartree term describing the electron-electron

Coulomb repulsion, while the last term VXC is called the exchange-correlation (XC) po-

tential. Here, VXC includes all the many-particle interactions. Since the Hartree term and

VXC depend on n(~r), which depends on the φi, which in turn depend on Vs, the problem

of solving the Kohn-Sham equation has to be done in a self-consistent way. Usually one

starts with an initial guess for n(~r), then calculates the corresponding Vs and solves the

Kohn-Sham equations for the φi. From these one calculates a new density and starts again.

This procedure is then repeated until convergence is reached.

2.1.2 Local density approximation

The XC potential VXC in Eq. (2.8) is given by [1]

VXC[n(~r)] =
dEXC

dn(~r)
, (2.9)

where EXC is the XC energy. The major problem with DFT is that the exact functional for

XC energy is not known except for the free electron gas. However, approximations exist

which permit the calculation of certain physical quantities quite accurately. In physics

the most widely used approximation is the local density approximation (LDA), which is

originally introduced by Kohn and Sham [4] and holds for a slowly varying density. In

LDA, the XC energy is approximated as

ELDA
XC (n) =

∫

ǫxc(n)n(~r)d3r, (2.10)

where ǫxc(n) is the XC energy per electron of an uniform electron gas of density n. The

local spin density approximation (LSDA) is a straightforward generalization of the LDA to
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include electron spin,

ELSDA
XC (n↑, n↓) =

∫

ǫxc(n↑, n↓)n(~r)d3r. (2.11)

For practical use of the LDA in calculations it is necessary to determine the XC energy

for an uniform electron gas of a given density. It is common to split ǫxc(n) into exchange

and correlation potentials ǫxc(n) = ǫx(n) + ǫc(n). The exchange potential is given by the

Dirac functional [5]

ǫx(n) = −3e2

4π

[

3π2n(~r)
]1/3

. (2.12)

Accurate values for ǫc(n) have been determined from Quantum Monte Carlo (QMC) cal-

culations [6]. These have then been interpolated to provide an analytic form for ǫc(n) [7].

Many further incremental improvements have been made to LDA by developing better

representations of the functionals. Taking into account the gradient of the density at the

same coordinate, which is also known as generalized gradient approximation (GGA),

EXC(n) =

∫

ǫXC(n, ~∇n)n(~r)d3r, (2.13)

has achieved better results for molecular geometries and ground state energies.

LDA correctly accounts for short wavelength contributions to the XC energy, and it

has been very successful, together with DFT, to calculate the ground state properties of

solids since the 1970s [8]. In many cases LDA gives quite satisfactory results, for solid-state

calculations, in comparison to experimental data at relatively low computational costs when

compared to other ways of solving the quantum mechanical many-body problem.

Despite the success LDA has had, it is well known that LDA has difficulties to properly

describe the strongly correlated electron systems. And in contrast to some of the traditional

wavefunction-based methods like configuration interaction or coupled cluster theory, there
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is no systematic way of improving DFT and LDA. Hence, unfortunately, in the current

DFT and LDA approach it is not possible to estimate the error of the calculations without

comparing them to other methods or experiments.

2.1.3 NaxCoO2 band structure predicted by LDA

The first LDA calculation on cobaltates was performed by Singh for NaCo2O4 [9], where a

bilayer splitting was imposed. Figure 2.1(a) shows the PM band structure along the high

symmetry directions, with the corresponding density of states (DOS) per spin, per formula

unit (two Co sites) plotted in Figure 2.1(b). A, L, and H points are the counterpart of Γ, K,

and M point in the kz = 0.5 plane, respectively. The O 2p bands extend from approximately

−7 eV to −1.7 eV, relative to the Fermi level, EF . They are well separated from the Co

3d bands, which lie above. The five degenerate Co 3d orbitals are crystal field split in

the CoO6 octahedral environment into a lower lying t2g and an upper lying eg manifold,

separated by approximately 2.5 eV. Again, there is a clean gap between the manifolds due

to the narrow bandwidths. The t2g bandwidth is 1.6 eV and the eg bandwidth is 1.2 eV. In

Figure 2.1(b), the solid curve is the total DOS while the dotted curve is the contribution of

Co 3d orbitals. Clearly, the hybridization between Co 3d and O 2p band is very weak, as

one can see that the O 2p bands barely have any contribution to DOS in the energy range

of the t2g manifold. This due to the fact that the CoO6 octahedron is maximally tilted

and, as a result, the Co 3d orbitals point to the middle points of oxygen-oxygen bonds.

EF is in the top of the t2g manifold, 0.22 eV below the band top. In the following, we

focus exclusively on the t2g bands, as they are the only states likely to play a role in the

low-energy properties.
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Figure 2.1: LDA predicted electronic structure of NaCo2O4 in the PM state [9]: (a). PM

band structure of NaCo2O4. The horizontal reference denotes EF . (b). Corresponding PM

DOS N(E) per formula unit (two Co) basis with EF at 0. The solid curve is the total DOS

while the dotted curve is the contribution of Co d orbitals. (c). The enlargement of the

PM band structure around EF , showing the Co t2g manifold. The shading indicates part

of the manifold where significant a1g character is present. (d). PM Fermi surfaces in the

kz = 0 (left) and kz = 0.5 (right) planes.
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The PM band structure near EF is enlarged in Figure 2.1(c), showing the Co t2g man-

ifold, which is further split in the rhombohedral (trigonal) crystal field into one lower a1g

and two upper e′g orbitals. The amount of splitting is sensitive to the tilt of the CoO6

octahedra. The a1g band has its top at Γ point, which means that the nearest neighbor

hopping integral of the a1g band is negative, t < 0. Whereas, t > 0 for the two e′g band,

which meet at their band bottom, the Γ point. Despite its lower orbital energy, the a1g

orbital has less electron occupation (larger hole occupation) than the e′g orbitals due to its

larger bandwidth. For convenience, the upper lying e′g band along Γ−K direction is usually

identified as e′g1 band. Along Γ−M direction, the e′g1 is the lower band of the e′g manifold.

The other e′g band is called as e′g2 band. The band structure is quite anisotropic, and there

are many more band crossings along Γ−K direction than Γ−M direction. Based on the

basis functions in LDA, the e′g1 band is odd, while the a1g and e′g2 bands are even along the

Γ−K direction. Two bands with different symmetries do not mix with each other. There-

fore, as shown clearly in Figure 2.1(c), along the Γ−K direction, the a1g band hybridizes

with the e′g2 band, but not with the e′g1 band. It is interesting to notice that a1g and e′g1

do hybridize and open up a gap along A−H direction in the kz = 0.5 plane. The PM

band structure calculated by LDA without the bilayer splitting is similar to the structure

in kz = 0 plane [10].

Both a1g and e′g1 bands intersect with EF and form two kinds of hole-like Fermi surfaces

(FS), as shown in Figure 2.1(d). The large cylindrical FS around Γ−A line has dominant

a1g character, while the small FS pockets centered about 2/3 of the way out on the Γ−K

and A−H directions have mainly e′g character. As shown in Figure 2.2(a), the small e′g FS

pockets have much more contribution to the DOS at Fermi energy, NF , than the large a1g
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Figure 2.2: (a). The density of states of Na0.3CoO2 · yH2O and of the two bands crossing

the Fermi level [11]. The a1g band, which carries 2/3 of all holes, yields only about 1/3 of

N(EF ). (b). The three main nesting types in Na0.3CoO2 · yH2O [11]. The perfect nesting

at ~Q1 is shown as a solid line and the two imperfect, ~Q2 and ~Q3, in narrow and wide dashed

lines.

FS [10,11], which may account for, within LDA, the largeNF extrapolated from specific heat

measurements [12]. Moreover, Johannes et al. [11] calculated the one-electron susceptibility

of hydrated NaxCoO2 and found that the small FS pockets are strongly nested, involving

about 70% of all electrons at EF and nearly commensurate with 2a × 2a superstructure,

shown in Figure 2.2(b). This nesting creates a tendency to charge density wave (CDW) and

generates strong spin fluctuations, which can be important for superconductivity. There

are several proposed theories [11,13,14] of superconductivity as well as magnetic properties

based on the nesting condition of the FS pockets. The supported superconductivity is in

the spin-triplet channel due to the symmetry of the nesting condition.
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2.2 Experimental band structure of NaxCoO2

Angle-resolved photoemission spectroscopy (ARPES) is one of the most direct methods for

studying the electronic structure of quasi-2D solids. It is the only truly momentum-resolved

probe, which is essential for the investigation of low dimensional and strongly anisotropic

systems. ARPES has been the most useful spectroscopy for the high-Tc superconductors,

playing the key role which tunneling played for conventional superconductors, according

the nobelist P. W. Anderson. It is also currently the main experimental probe to study

the electronic structure of the sodium doped cobaltates. In this section, we will first

describe briefly this unique technique, and then present the experimental results on the

band structure of the cobaltates. These results offer a direct comparison to the band

structure predicted by LDA.

2.2.1 Angle-resolved photoemission spectroscopy

ARPES [15, 16] is a sophisticated technique based on the classic photoelectric effect. A

stream of photons with radiation energy larger than the material work function (the light

source is usually a synchrotron) is selected by a monochromator. It then illuminates the

surface of a material cleaved in an ultra-high vacuum. As a result, electrons in the sample

are emitted by photoelectric effect and escape in the vacuum in all directions. By collecting

the photoelectrons with an electron energy analyzer characterized by a finite acceptance

angle, one measures their kinetic energy Ekin for a given emission direction. This way, the

momentum ~Kf of the photoelectrons in the final states is also completely determined. Its

components parallel (~Kf
// = ~Kf

x + ~Kf
y) and perpendicular (~Kf

⊥ = ~Kf
z ) to the surface can be
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expressed in terms of Ekin, the polar (θ) and azimuthal (ϕ) emission angles as

~Kf
x =

1

~

√

2mEkin sin θ cosϕ,

~Kf
y =

1

~

√

2mEkin sin θ sinϕ, (2.14)

~Kf
z =

1

~

√

2mEkin cos θ.

As the electrons escaping from the sample, the parallel component of their momentum

is conserved within a reciprocal lattice vector ~G//, i.e., ~Kf
// = ~Ki

// + ~G//. However, due

to the abrupt potential change from the solid to vacuum, the perpendicular component of

the momentum, ~K⊥, is not conserved. Therefore, ARPES is ideal only for 2D materials

where the principle momentum directions of interest are parallel to the surface, like the

high Tc cuprates and the sodium doped cobaltates. With that and the energy conservation

law, under the sudden approximation and other simplifications, one can figure out that the

intensity measured in an ARPES experiment is

I(~k, ω) = I0(~k, ν, ~A)f(ω)A(~k, ω), (2.15)

where ~k = ~k// is the in-plane electron momentum, ω is the electron energy with respect to

EF , and ~A is the electromagnetic vector potential. I0(~k, ν, ~A) is proportional to the squared

one-electron matrix element |Mk
f,i|2 and therefore depends on the electron momentum, and

on the energy and polarization of the incoming photon. The Fermi distribution function

f(ω) is here for the fact that ARPES probes only the occupied states. The one-particle

spectral function A(~k, ω) = − 1
π
ImG(~k, ω), where the Green’s function G(~k, ω) describes

the propagation of an electron in a many-body system. This is of vital importance in

elucidating the connection between electronic, magnetic, and chemical structure of solids,

in particular for those complex systems which cannot be described within the independent-
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particle picture.

The last decade witnessed significant progress in this technique and its applications,

thus ushering in a new era in photoelectron spectroscopy. Today, ARPES experiments

with 0.4 meV energy resolution and 0.1 degree angular resolution are a reality even for

photoemission on solids, providing detailed information on the band dispersion and the

Fermi surface, as well as on the strength and nature of those many-body correlations which

may profoundly affect the one-electron excitation spectrum and, in turn, determine the

macroscopic physical properties.

2.2.2 NaxCoO2 band structure revealed by ARPES

The LDA predicts six small FS pockets of mostly e′g character centered about 2/3 of the

way out on the Γ−K directions, in addition to the large FS associated with the a1g band

enclosing the Γ point. The presence of the small FS pockets dramatically enhances the

DOS at EF , and the well-nested condition of them has been the starting point of several

proposed theories of superconductivity and magnetic properties in NaxCoO2. It is therefore

crucial to verify the existence of the e′g FS pockets.

ARPES measurements on the cobaltates have been executed mainly by two independent

research groups at Boston College and Princeton University. For a wide range of Na

concentration (0.3 ≤ x ≤ 0.72), they observed the large a1g FS centered around Γ point,

but the six small FS pockets associated with the e′g1 band predicted by LDA are not

present in their measurements, as shown in Figure 2.3(a-c) [17–20]. Instead, Yang et

al. [18] observed a dispersion that lies below and never crosses the Fermi level, as shown

by the black triangular markers in Figure 2.4(a). In addition, the top of this dispersion
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Figure 2.3: FS evolution in NaxCoO2 [18]: (a-c). The intensity plots of n(~k, ω) at EF for

x = 0.3, 0.48, and 0.72 in the first Brillouin zone (red solid lines). (d). Overlap of the FS

locations extracted from intensity plots. (e). The Na concentration x dependence of the

effective electron doping level x′ = 1− 2AFS/ABZ, where AFS and ABZ is the area enclosed

by the Fermi surface and the first Brillouin Zone, respectively. The diagonal line is from

the Luttinger theorem.

below EF is shown in Figure 2.4(b) to be essentially temperature-independent, which rules

out the possibility that the e′g1 band is gapped and what is observed in ARPES is just

the leading-edge associated with the gap opening. Therefore, they argue that the small

FS pockets associated with e′g1 sink below EF . Furthermore, they counted the area (AFS)

enclosed by the single FS around Γ point and found that the Luttinger volume is exhausted,

which is consistent with the observation that the dispersion of the e′g1 associated with the

FS pockets lies below and never crosses EF .
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The ARPES intensities of a1g and e′g bands have different dependence on the photon

energy. The character of each band can therefore be identified by studying its photon energy

dependence in the ARPES intensity, given that the photoionization cross-sections of Co 3d

and O 2p orbitals are peaked at the photon energy around 70 eV and 22 eV respectively.

The a1g band is found to be mainly Co 3d orbital, while the two e′g bands have a stronger

O 2p character. Therefore, one can obtain the complete band dispersions of t2g complex in

NaxCoO2 by repeating the ARPES measurement at many photon energies. The complete

t2g band dispersions at several Na concentrations are shown in Figure 2.5 [21,22]. ARPES

measurements revealed t2g manifold has a similar overall structure as LDA predicted, and

one can trace the LDA character of each dispersion in ARPES.

In addition, there are significant discrepancies between LDA prediction and ARPES

observation. The first fundamental difference is that the e′g1 band approaches but never

reaches EF along Γ − K direction. As a result, the FS pockets predicted by LDA sink

below EF . The absence of e′g FS pockets is also observed in the hydrated superconducting

sample [23]. Another fundamental discrepancy is that the measured bandwidth (W ) of

t2g manifold is much smaller than the LDA prediction. The measured bandwidth at all

Na concentrations is ∼0.8 eV, about half of the bandwidth predicted by LDA. These

fundamental discrepancies suggest that the electronic correlations are strong and play an

important role in the cobaltates. As noted, the manifold of t2g states is quite narrow,

putting the cobaltates in the strongly correlated regime with W ≪ U for any plausible U ,

which is suggested to be 5 ∼ 8 eV by Singh [9], and measured to be ∼ 5 eV by Hasan et

al. [19].

Furthermore, in LDA, the a1g and e′g1 bands have different symmetries, they cross each
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Figure 2.4: Sinking pockets near the K points [18]. (a). Energy distribution curves of

Na0.3CoO2 along Γ − K direction measured using 30 eV photons. The green, black, and

blue triangular markers are the guides for the dispersions of a1g, e
′
g1, and e′g2 bands. (b).

Temperature dependence of the energy distribution curve at the top of sinking pockets.

(c). Second derivative intensity plot for the same measurement as (a). Red dashed lines,

representing the triangular markers in (a), are the guides for the dispersions. (d). A

comparison of the measured e′g bands at x = 0.3 (red solid lines), 0.48 (blue solid lines),

and 0.72 (black dots), to the LDA calculation [10] (black dashed lines).
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other without hybridization along the Γ−K direction. Whereas, these two bands hybridize

in ARPES. As a result, ARPES measurements observed a “flat” (bandwidth is only about

0.2 eV) quasiparticle-like band located near EF , which enhance dramatically the effective

mass of the band crossing the Fermi level, and may account for the large specific heat [12].

This “flat” band is anisotropic, much flatter along the Γ−K direction than in the Γ−M

direction.

Now let us look at the Na concentration x evolution of the ARPES band structure. The

Fermi crossing points move towards the Γ point as x increases, which reduces the volume

enclosed by the Fermi surface, consistent with the Luttinger theorem. The “flat” band gets

a little bit wider, and its bottom moves down as x increases. For example, at x = 0.3, the

bottom of the “flat” band is at −0.1 ∼ −0.15 eV, while it moves down to −0.2 ∼ −0.22

eV at x = 0.72.

To gain more information on the Na concentration evolution of the t2g bands, Yang et

al. [22] reconstructed the pre-hybridization a1g, e
′
g1, and e′g2 bands by a de-hybridization

process, using the LDA results as a guide line. The de-hybridized band structure of the t2g

complex is shown in Figure 2.6. The bandwidth is renormalized approximately by a factor

of 2, as compared to the LDA value, at all Na concentrations (0.3 ≤ x ≤ 0.72), though

the bandwidth around x = 0.5 is a little bit narrower. This complete picture of the t2g

manifold obtained by ARPES experiments provides rich information in the understanding

of NaxCoO2. The detail results of the band structure can be treated as a good starting

point for many theoretical approaches.
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a) b)

Figure 2.5: (a). Experimental band structures for x = 0.35, 0.48 and 0.75 extracted from

ARPES executed by D. Qian et al. [21]. (b). The extracted t2g bands (red solid circles)

of NaxCoO2 [22] plotted with LDA results on Na0.33CoO2 (black dash lines) [10] along

M→ Γ →K→M high symmetry directions, for x = 0.3, 0.48, 0.5, and 0.72. There is no

data for x = 0.5 along the Γ →M direction. The error bars of the estimated deviations are

also plotted.
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Figure 2.6: Band dispersions of the recovered a1g (red circles), e′g1 (black diamonds), and

e′g2 (blue triangles) before hybridization at Na concentration x = 0.3 (a), 0.48 (b), 0.5 (c),

and 0.72 (d) [22].
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Chapter 3

Strong correlation, orbital carrier

transfer, and band polarization

The unexpected discovery of a superconducting phase of yet unknown origin in hydrated

NaxCoO2 around x ∼ 0.3 has generated renewed interests in this material. However, such

basic issues as the low energy electronic structure and FS topology in the cobaltates have

not been well understood. The electronic structure of NaxCoO2 revealed by recent ARPES

experiments discussed in the previous chapter shows important deviations from band theory

predictions. The six small Fermi surface pockets predicted by LDA calculations have not

been observed as the associated e′g band fails to cross the Fermi level for a wide range

of sodium doping concentration x. In addition, significant bandwidth renormalizations of

the t2g complex have been observed. These fundamental discrepancies between ARPES

and LDA suggest that the effects of strong electronic correlations are important in the

cobaltates. The effects of local Coulomb repulsion U has been considered in the LSDA+U

approach, which indeed finds the absence of the small FS pockets [1,2]. However, the latter
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is tied to the fully polarized FM state in the LSDA+U theory which gives spin-split bands

and a spin polarized FS with an area twice as large. This is inconsistent with ARPES

experiments and likely an artifact of the LSDA+U approximation. A recent calculation

based on the multi-orbital Hubbard model and the dynamical mean-field theory (DMFT)

finds that the FS pockets become even larger in size than the LDA predications [3].

The focus of this chapter is to explain how strong correlations drive orbital polarization

and the band narrowing observed in ARPES. We adopt a multi-orbital Hubbard model

H = H0 + HI , where H0 is the tight-binding description of the non-interacting Hamilto-

nian determined by fitting the LDA band structure, and the interacting Hamiltonian HI

describes the electron-electron correlations not considered in LDA. HI contains both the

intra-orbital (U) and the inter-orbital (U ′) local Coulomb repulsion as well as the Hund’s

rule coupling JH . In this chapter, we will first fit the LDA band structure of the t2g man-

ifold by a tight-binding model on a 2D triangular lattice and obtain the non-interacting

Hamiltonian H0. Then we investigate how the interacting Hamiltonian HI renormalizes

the band dispersions and orbital occupations of the t2g manifold. First, a basis independent

Hartree-Fock (HF) calculation is performed which is in essence a LDA+U calculation in

the paramagnetic phase. We find that for U ′ much less than U , multi-orbital occupation

is favored in order to reduce the cost of double occupation. As a result, the HF self-energy

renormalizes the crystal field splitting (i.e. the level spacing between a1g and e′g orbitals) in

such a way that the size of the FS pockets associated with the e′g band grows. This trend is

however reversed when U ′ increases and becomes comparable to U . In the HF theory, the

size of the e′g FS pockets begins to shrink for U ′/U > 3/5. To correctly capture the physics

of strong correlation for large U and U ′, we generalize the Gutzwiller approximation to
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the case of multi-orbitals. We find that in the strong-coupling regime, orbital polarization

is tied to Pauli-blocking, i.e., the orbital occupation dependence of the Gutzwiller band

renormalization factors. We obtain both band narrowing and the disappearance of the FS

pockets in good agreement with the ARPES experiments. The correspondence between the

Gutzwiller approximation and the saddle point of the slave-boson path integral formation

is also discussed. Most of the result in this chapter was presented in Ref. [4]. At the end,

we introduce the effective single-band model for the low-energy physics.

3.1 Tight-binding description of LDA bands

We start with the multi-orbital tight-binding model on a 2D triangular lattice,

H0 = −
∑

ij,σ

∑

αβ

tij,αβd
†
iασdjβσ − ∆

3

∑

i,σ

∑

α6=β

d†iασdiβσ, (3.1)

where the operator d†iασ creates an electron in the α orbital with spin σ on the Co site i

and tij,αβ is the hopping integral between the α orbital on site i and the β orbital on site j.

The relevant valence bands near the Fermi level consist of the Co dxy, dyz, and dzx orbitals

(hereafter referred to as the {d} basis) of the t2g manifold with an electron occupancy of

5+x, which is fulfilled by adjusting the chemical potential µ. The ∆ in Eq. (3.1) describes

the crystal field due to trigonal distortion that splits the t2g manifold into a lower a1g singlet

and a higher e′g doublet, where

a1g = (dxy + dyz + dzx)/
√

3, (3.2)

and

e′g = {(dzx − dyz)/
√

2, (2dxy − dyz − dzx)/
√

6}. (3.3)
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The hopping integrals tij,αβ and the trigonal field splitting ∆ are obtained by fitting the

band dispersions of Eq. (3.1) to the LDA result, given the constraints that dxy (d1), dyz

(d2), and dzx (d3) orbitals are degenerate and the band structure has six-fold symmetry. To

mimic such three d orbitals of the {d} basis, one can conjecture that their projections in the

2D triangular lattice are of d-wave symmetry and orientate along the three characterizing

lattice directions. As shown in Figure 3.1(a), d1, d2, and d3 orbitals are orientate along

~R1 =
√

3
2
ax̂− 1

2
aŷ, ~R2 = aŷ, and ~R3 = −

√
3

2
ax̂− 1

2
aŷ = −~R1− ~R2 (hereafter we set the lattice

constant a = 1) direction respectively. Clearly, both intra-orbital tn,m and inter-orbital t′n,m

hoppings are anisotropic. Here n denotes for nth nearest-neighbor (NN) hopping, while

m stands for the direction of the hopping. Take the first NN hopping for example, for

intra-orbital hopping of di (i =1, 2, 3) orbital, the hopping integral along ~Ri direction is

different from the other two directions [see Figure 3.1(b)], while for inter-orbital hopping

between di and dj (i 6= j) orbitals, the hopping integrals along ~Ri and ~Rj directions are

the same and they are different from that along the other direction [see Figure 3.1(c)].

For convenience, we will work in the hole-picture via a particle-hole transformation

d → d̃†, in which the band filling of holes is 1 − x. The structure of the tight-binding

Hamiltonian in k-space on the 2D triangular lattice is

H0 =
∑

k,σ,αβ

Kd
αβ(k)d̃†kασd̃kβσ +

∆

3

∑

k,σ,α6=β

d̃†kασd̃kβσ. (3.4)

The hopping matrix K in the {d} basis is given by

Kd(k) =

















ε(t, k1, k2, k3) ε(t′, k3, k1, k2) ε(t′, k2, k3, k1)

ε(t′, k3, k1, k2) ε(t, k2, k3, k1) ε(t′, k1, k2, k3)

ε(t′, k2, k3, k1) ε(t′, k1, k2, k3) ε(t, k3, k1, k2)

















, (3.5)
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Figure 3.1: (a). The conjectured projections in the 2D triangular lattice of the dxy, dyz,

and dzx orbitals. The color in orbitals represents the phase of the wave function: red for

positive and green for negative. (b). The first NN intra-orbital hopping integrals of the

d2 orbital with the symmetry of t1,1 6= t1,2 = t1,3. (c). The first NN inter-orbital hopping

integrals between d1 and d2 orbitals with the symmetry of t′1,1 6= t′1,2 = t′1,3.
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Figure 3.2: Tight-binding fits [4] to the LDA band structure at x = 1/3 [5]. (a) The fitted

band dispersions with up to the third, fifth, and eighth NN hopping. The corresponding

Fermi surfaces are plotted in (b), (c), and (d) respectively.
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with ki = ~k · ~Ri (i.e., k1 =
√

3kx/2 − ky/2,k2 = ky, and k3 = −k1 − k2), and

ε(t, k1, k2, k3) = 2t1,1 cos (k1) + 2t1,2 cos (k2) + 2t1,3 cos (k3)

+ 2t2,1 cos (k2 − k3) + 2t2,2 cos (k3 − k1) + 2t2,3 cos (k1 − k2)

+ 2t3,1 cos (2k1) + 2t3,2 cos (2k2) + 2t3,3 cos (2k3)

+ 2t4,1 cos (2k1 − k2) + 2t4,2 cos (2k1 − k3)

+ 2t4,3 cos (2k2 − k3) + 2t4,4 cos (2k3 − k2)

+ 2t4,5 cos (2k3 − k1) + 2t4,6 cos (2k2 − k1)

+ 2t5,1 cos (3k1) + 2t5,2 cos (3k2) + 2t5,3 cos (3k3) + · · · (3.6)

As discussed before, the intra- and inter-orbital hopping integrals have following symmetry

tn,2 = tn,3, and t′n,2 = t′n,3 for n = 1, 2, 3, 5; (3.7)

t4,2ℓ = t4,2ℓ−1, and t′4,2ℓ = t′4,2ℓ−1 for ℓ = 1, 2, 3. (3.8)

One can obtain the symmetry of higher order hoppings via similar arguments.

In the atomic limit, the presence of the trigonal field splits the degeneracy of t2g orbitals

by mixing them and forming orthogonal a1g and e′g atomic orbitals in the expression of

Eq. (3.2) and Eq. (3.3). It is thus more convenient to stay in the orbital basis of a1g and

e′g (hereafter referred to as the {a} basis) where the tight-binding H0 is

H0 =
∑

k,σ

∑

αβ

Ka
αβ(k)a†kασakβσ +

∑

k,α,σ

∆αa
†
kασakασ. (3.9)

Here ∆α = −∆/3, 2∆/3 for the e′g and a1g orbitals respectively. The hopping matrix

Ka(k) = OKd(k)OT, (3.10)
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with O the orthogonal matrix that rotates from the {d} orbital basis to the {a} orbital

basis,
















e
′

g1

e
′

g2

a1g

















= O

















dxy

dyz

dzx

















, and O =

















0 −1/
√

2 1/
√

2

2/
√

6 −1/
√

6 −1/
√

6

1/
√

3 1/
√

3 1/
√

3

















. (3.11)

Figure 3.2 shows the fitting of the tight-binding dispersions obtained by diagonalizing

Eq. (3.9) to the LDA band structure at x = 1/3 [5]. We note that the fit with up to the

third 3NN hopping or more describes the LDA bands quite well. On the other hand, the

tight-binding model cannot reproduce completely the LDA dispersions even with up to the

eighth NN hopping. The discrepancy is most pronounced along the M−K direction where

the two e′g bands cross in the tight-binding fit, see Figure 3.2(a). Similar disagreement can

be traced back to the previous tight-binding fits [3,6–8]. We believe the difficulty may arise

from the hopping path via the O 2s and 2p orbitals. Nevertheless, the tight-binding model

works very well at low energies near the Fermi level. The corresponding FS consists of a

large hole FS around the Γ point and six small hole pockets near the K points as shown in

Figure 3.2(b)-(d). The central FS has a dominant a1g character while the six FS pockets

are mainly of the e′g character. The hopping integrals obtained from the fit with up to

third-NN are

t = (t1,1, t1,2, t2,1, t2,2, t3,1, t3,2) = (−44.6,−9.0, 36.2, 5.9, 57.9, 36.7)meV, (3.12)

t′ = (t′1,1, t
′
1,2, t

′
2,1, t

′
2,2, t

′
3,1, t

′
3,2) = (−157.8,−30.2, 37.1, 9.2,−11.9,−21.0)meV. (3.13)

where the crystal field splitting ∆ is chosen to be 10 meV. For a different crystal field

splitting ∆, one can adjust the hopping integrals to restore the good fit to the LDA bands.

In the rest of the thesis, we use these parameters for the multi-orbital H0 unless otherwise
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noted. Our results are insensitive to these values, so long as they (t, t′, and ∆) provide

a good fit of the LDA band structure near the Fermi level. Note that although holes are

evenly distributed among the three orbitals in the {d} basis, in the {a} basis, the hole

occupations are 0.123 (e′g) and 0.421 (a1g) respectively. Despite its higher hole orbital

energy, the a1g orbital has a larger hole occupation due to its larger bandwidth.

3.1.1 Hybridization between t2g orbitals

Both the LDA calculation and tight-binding description produce a t2g band structure where

the a1g and e′g1 bands cross each other along the Γ−K direction, while the ARPES exper-

iments find that they hybridize and open a gap (anticrossing), giving rise to a very flat

quasiparticle band. It is possible that this is due to the fundamental t2g symmetry con-

sidered in the LDA and tight-binding model, which is somehow broken in real NaxCoO2

samples. In this subsection, we first show in detail how the a1g and e′g bands hybridize in

the tight-binding description, and then discuss a possible way to break the symmetry in

real samples.

Figure 3.3 shows the dispersions along the high symmetry Γ −K −M − Γ direction, of

the eigenenergies of the adopted tight-binding fit, and corresponding diagonal, off-diagonal

elements of H0 in the {a} basis

H0
αβ(k) = Ka

αβ(k) + ∆αδαβ . (3.14)

Here α = (1, 2, 3) corresponds to (e′g1, e
′
g2, a1g) orbital. Let’s first look at the dispersions

of the a1g (red dash line), e′g1 (blue dash line), and e′g2 (green dash line) bands shown in

Figure 3.3. The bandwidth of a1g is about 1.6 eV, larger than the 1.4 eV of e′g band, which

gives rise to the larger hole occupation in a1g band. While Γ point is the top of the a1g
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Figure 3.3: The dispersions of diagonal (dash lines: red, blue and green color for a1g,

e′g1, and e′g2 band respectively), off-diagonal (dash-dot lines: red, blue and green color for

H0
a1g ,e′g2

, H0
a1g ,e′g1

, and H0
e′g1

,e′g2

respectively) elements of H0 in the {a} basis, Eq. (3.14), and

the eigenenergies (black solid lines) of the adopted tight-binding fit are shown along the

high symmetry Γ − K − M − Γ direction. Although all off-diagonal elements are nonzero

away from Γ and K point, the symmetry of the t2g manifold is such that a1g and e′g1 band

do not hybridize with each other. The strongest hybridization is the one between the two

e′g orbitals.
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band, it is the bottom of the e′g bands. This means that their dominant hoppings (the

first NN hopping) have different signs: positive in the e′g bands and negative in the a1g

band. The a1g band crosses both e′g1 and e′g2 bands along the Γ − K direction, while it

only crosses e′g2 band along the Γ − M directions. There is an additional crossing between

a1g and e′g1 bands along the K − M direction. We now turn to the off-diagonal elements

H0
α6=β of Eq. (3.14), which couple the a1g and e′g bands. All off-diagonal elements are zero

at Γ and K points, and nonzero at all other points in the momentum space. Therefore,

the three orbitals in the {a} basis are orthogonal, and there is no hybridization at Γ and

K points. Meanwhile, they are expected to hybridize with each other at all other places,

and the strongest hybridization is the one between e′g1 and e′g2 orbitals. It is interesting

to notice that both e′g bands lie below the Fermi level, and it is the hybridization between

them that pushes the e′g1 upwards and produces the six hole pockets predicted by LDA

calculation. Furthermore, the a1g FS would be circular if one switch off all hybridizations,

and it is the hybridization that produces the hexagonal FS shown in Figure 3.2(b). The

symmetry in the t2g manifold in Eq. (3.4), Eq. (3.7), and Eq. (3.8) is such that, effectively,

the a1g band does not hybridize with e′g1 band. As a result, there is a a1g and e′g1 band

crossing along Γ − K and K − M direction, see Figure 3.3.

To allow the a1g band to hybridize with e′g1 band, we need to break some symmetry

included in the above presented tight-binding description, keeping the constraint that the

three t2g orbitals in the {d} basis are degenerate and have the six-fold symmetry. The

possible extra symmetry we have is the symmetry expressed in Eq. (3.7) and Eq. (3.8),

introduced by orienting the in-plane projection of the {d} basis orbitals along the three

characteristic directions, as shown in Figure 3.1. In general, one can rotate together the
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Figure 3.4: The quasiparticle dispersions when the symmetry expressed in Eq. 3.7 and

Eq. (3.8) is broken by manually setting tn,3 = t′n,3 = 0 (blue dash lines) or tn,3 = 2tn,2, t
′
n,3 =

2t′n,2 (red dash-dot lines). The symmetry breaking allows a1g and e′g1 band to hybridize,

and their crossing along Γ − K and K − M direction is lifted by opening a hybridization

gap. The quasiparticle dispersion including the symmetry is also plotted (black solid lines)

for comparison.
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three in-plane projections by an arbitrary angle, which still satisfies the constraint but

breaks the symmetry expressed in Eq. (3.7) and Eq. (3.8). To show the effect of this

symmetry-breaking, we manually set, in the tight-binding description with upto the third

NN hopping,

tn,3 6= tn,2, and t′n,3 6= t′n,2, n = 1, 2, 3. (3.15)

Figure 3.4 shows the resulting quasiparticle band dispersions with tn,3 = t′n,3 = 0 (blue

dash lines) or tn,3 = 2tn,2 and t′n,3 = 2t′n,2 (red dash-dot lines). Clearly, the breaking

of the symmetry allows the a1g and e′g1 band to hybridize and form the hybridization

gap when they cross, along both the Γ−K and K−M direction, in good agreement with

the experimental band structure. The physical meaning of this symmetry-breaking is yet

unknown. In the rest of the thesis, we shall not consider this symmetry-breaking for

simplicity.

3.2 Effects of electronic correlation

With the tight-binding description of the LDA band structure in hand, we are now ready to

investigate the effects of electronic correlations, which include the local Coulomb repulsion

U (intra-orbital) and U ′ (inter-orbital) and Hund’s rule coupling JH . For the t2g orbitals,

HI has been shown to take the form of [9]

HI = U
∑

i,α

n̂iα↑n̂iα↓ + (U ′ − 1

2
JH)

∑

i,α>β

n̂iαn̂iβ (3.16)

− JH

∑

i,α6=β

Siα · Siβ + JH

∑

i,α6=β

a†iα↑a
†
iα↓aiβ↓aiβ↑.
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Here n̂iα and Siα are the charge density and the spin operators. The hierarchy of the

interaction strength is U > U ′ > JH ≥ 0, with a relation of

U = U ′ + 2JH , (3.17)

which ensures the orbital basis invariance of HI . It is convenient to stay in the {a} basis,

since it is the orthogonal basis in the atomic limit.

3.2.1 Hartree-Fock theory (LDA+U)

We first study the effects of interactions using the weak-coupling approach, appropriate

when the interactions are much smaller than the bandwidth and can be treated as pertur-

bations to the LDA band structure. The HF theory is one of the most popular method to

deal with this kind of situation, which assumes that the exact many-body wavefunction of a

N -electron system can be approximated by a single Slater determinant of the single-particle

spin-orbitals,

ΨHF =
1√
N !

det [ψ1(~r1, s1)ψ2(~r2, s2) . . . ψN (~rN , sN)] . (3.18)

The single-particle orbitals ψi(~ri, si) is composed of a spatial function φi(~ri), and an electron

spin function σ(si) such that

ψi(~ri, si) = φi(~ri)σ(si). (3.19)

Invoking the variational principle one can derive a set of N coupled equations for the

N spin-orbitals. Solution of these equations yields the HF wavefunction and the energy

of the system, which are approximations of the exact ones. The HF theory amounts to

decoupling the second-quantized interactions Eq. (3.16) in the density channels and solving

the Hamiltonian self-consistently.
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In the uniform PM phase, the HF approximated interacting Hamiltonian is given by,

HHF
I =

∑

k,σ,α

(

1

2
Unα + U ′

eff

∑

β 6=α

nβ

)

a†kασakασ − U

4

∑

k,α

n2
α − U ′

eff

2

∑

k,α6=β

nαnβ

+ (U − 2U ′
eff)

∑

k,α6=β

[

nαβa
†
kασakβσ −

n2
αβ

2

]

, (3.20)

where nαβ = (1/Ns)
∑

k,σ n
σ
αβ(k), nσ

αβ(k) = 〈a†kασakβσ〉, nα = nαα, and the effective inter-

orbital on-site Coulomb repulsion

U ′
eff = U ′ − JH/2. (3.21)

In essence, this HF analysis, also discussed in Ref. [3], is equivalent to the LDA+U theory

[10]. Since we are interested in the orbital dependent corrections, we have not displayed in

Eq. (3.20) the double-counting term which corrects for the energy already included in the

LDA, because it depends only on the total density of the t2g manifold.

Note that the HF theory is basis independent. It is thus convenient to stay in the

{a} basis where the local density matrix, and thus the HF self-energies are diagonal in

orbital space, i.e. nα6=β = 0. Then the state energy has no contribution from the second

line in Eq. (3.20). Interestingly, the dynamics of orbital carrier transfer in the HF theory

is equivalent to minimizing the single-site energy, the first term in the right-hand side of

Eq. (3.20). Recall that most of the holes reside in the a1g orbitals in the non-interacting

limit. If U ′
eff < U/2, it is favorable to increase the population of the e′g orbitals to take

advantage of the smaller inter-orbital repulsion U ′
eff . On the other hand for U ′

eff > U/2,

the tendency is to empty the e′g orbitals in favor of a1g occupation. The crucial factor of

1/2 in front of U comes from the fact that, due to the Pauli-blocking , intra-orbital repul-

sion U operates only between carriers with opposite spins, whereas all spin configurations

contribute to the inter-orbital Coulomb repulsion U ′
eff .
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Figure 3.5: Hartree-Fock results for U = 3.0 eV at x = 1/3 [4]. (a). The band dispersions

are shown for η = 1/3, 1/2, and 2/3. η = 1/2 corresponds to the LDA non-interacting

result. The e′g FS pockets expand when η < 1/2, and vice versa. (b). The η dependence of

hole occupation of e′g and a1g bands, and the renormalization in the crystal field splitting

∆′. Beyond ηc ≃ 5/8, the FS pockets predicted by LDA calculation sink below Fermi level,

and the e′g band is empty in hole, which results in a ∆′ linear in η.
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We proceed to calculate the HF self-energy in terms of the average hole occupation

n̄ = (na1g
+ 2ne′g)/3 = (1 − x)/3 and the difference in hole occupations δ = (na1g

− ne′g)/3

between the hole occupations of the a1g and e′g orbitals,

ΣHF
e′g

=
1

2
n̄U(1 + 4η) + δU(η − 1/2), (3.22)

ΣHF
a1g

=
1

2
n̄U(1 + 4η) − 2δU(η − 1/2), (3.23)

where η = U ′
eff/U . The interaction effect in the paramagnetic HF theory is simply to shift

the atomic levels by ΣHF
e′g

and ΣHF
a1g

, respectively, resulting in a renormalization of the crystal

field splitting

∆′ = ΣHF
a1g

− ΣHF
e′g

= −3δU(η − 1/2). (3.24)

As expected, the direction of the charge transfer depends on the ratio η. Since the majority

of the holes resides in the a1g orbital in the non-interacting limit, δ > 0. Thus, for η < 1/2,

the level splitting renormalizes upward, ∆′ > 0, and interactions induce a transfer of carriers

from the a1g to the e′g orbital. The self-consistent HF results are shown in Figure 3.5 at

x = 1/3 for U = 3 eV which is close to the value (3.7 eV) estimated from the LDA

calculation [8]. Figure 3.5(a) shows the band dispersions for several ratios η. For η = 1/3,

the size of the hole pockets indeed becomes larger than that of the non-interacting/LDA

ones. At η = 1/2, ∆′ = 0, and the non-interacting (LDA) band dispersions are unchanged.

When η > 1/2 (i.e., U ′/U > 3/5 or JH/U < 1/5), which is reasonable for the cobaltates

[1, 2], the crystal field splitting is reduced, ∆′ < 0, triggering a transfer of holes from the

e′g to the a1g orbital. The six FS pockets continue to shrink as the e′g band sinks with

increasing η and disappear beyond a critical ratio ηc, as shown in Figure 3.5(a) for η = 2/3.

The η evolutions of hole occupations of the a1g, e
′
g orbitals and the renormalization of the
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crystal field splitting ∆′ are shown in Figure 3.5(b). We find that, for the case of U = 3

eV and x = 1/3, ηc ≃ 5/8, beyond which the e′g bands sink below Fermi level and the

FS pockets predicted by LDA calculation disappear. Above ηc, the e′g band is empty (the

tiny occupation in e′g bands for 5/8 < η < 0.8 is due to the hybridization between a1g and

e′g2 band along the large FS around Γ point) and all holes populate the a1g band. Thus,

n̄ = δ = (1 − x)/3, and the renormalization of the crystal field splitting ∆′ becomes linear

in η,

∆′(η ≥ ηc) = −U(1 − x)(η − 1/2). (3.25)

Figure 3.6 shows the intra-orbital U evolution of the PM electronic structure at two

fixed η, η = 1/3 < 1/2 in the upper panel and η = 2/3 > 1/2 in the lower panel. The U = 0

case represents the non-interacting LDA situation where the e′g band crosses Fermi level

and forms the six FS pockets. At a nonzero U , the electronic correlation renormalizes the

crystal field and drives the e′g band in a direction determined by to the value of η. As shown

in the upper panel of Figure 3.6, when η < 1/2, e′g band moves upwards, leading to an

expansion in the FS pockets. On the other hand, e′g band moves downwards when η is larger

than 1/2, and the FS pockets associated with the e′g band shrink and eventually disappear

at large enough U (see lower panel of Figure 3.6). While the direction of the motion of e′g

band is determined by the value of η, the distance of the motion is controlled by the value

of U . The larger the intra-orbital Coulomb repulsion U , the larger the movement. The

critical ηc for the e′g FS pockets to disappear is smaller, and approaches 1/2, for a larger

U . In the case of η = 1/3 < 1/2, as one increases U , the system quickly approaches the

limit where holes are evenly distributed in the a1g and e′g orbitals, as shown in Figure 3.6.

The HF analysis shows that the disappearance of the six FS pockets near theK-points is

57



-1.2

-0.8

-0.4

0

0.4

U = 0
U = 1.5eV
U = 3.0eV
U = 4.5eV

-1.6

-1.2

-0.8

-0.4

0

0.4

η = 1/3

η = 2/3

Γ K M Γ

B
an

d 
D

is
pe

rs
io

ns
 (

eV
)

Figure 3.6: Hartree-Fock results for η = 1/3 (upper panel) and 2/3 (lower panel) at x = 1/3.

Band dispersions are shown for U = 0, 1.5, 3, and 4.5 eV.
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the physics of large U and U ′ compared with JH . In this case, the HF theory itself becomes

unreliable. Moreover, the localization tendency leading to the bandwidth reduction cannot

be captured by the HF theory. The bandwidth in the HF theory actually becomes larger

as one increases the electronic correlation, by increasing either U or η while fixing the

other. It is therefore instructive to study the problem in the strong-coupling limit (U =

U ′ → ∞, and JH → 0) by projecting out the states of double-occupation prohibited by

the large on-site Coulomb repulsions. The strong-coupling limit is usually treated either

in the Gutzwiller approximation [11, 12], or in the saddle point of the slave-boson path

integral formulation [13]. In the rest of this section, we will first investigate the effects of

strong correlation in the Gutzwiller approximation, and then we show analytically that the

Gutzwiller approximation is equivalent to the saddle point of the slave-boson path integral

formulation.

3.2.2 Gutzwiller approximation

To make analytical progress in the strong-coupling limit, we treat the removal of double-

occupation by Gutzwiller projection in the grand canonical ensemble where the projected

wavefunction can be written as

|Ψ〉 =
∏

i,α6=β

y
n̂iα↑

iα↑ y
n̂iα↓

iα↓ PG(i)|Ψ0〉, (3.26)

PG(i) = (1 − n̂iα↑n̂iα↓)(1 − n̂iαn̂iβ). (3.27)

Here |Ψ0〉 is an unprojected Slater determinant state, and PG is the projection operator

that removes the double occupation, both intra- and inter-orbital double occupation, in

the non-interacting state |Ψ0〉. yiασ is a spin and spatial-dependent local fugacity that

maintains the equilibrium of the local densities upon projection. In this subsection, we
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Figure 3.7: The doping x dependence of the renormalization of the crystal field splitting ∆′
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the band with bigger hole occupation, 1 > ρa1g > ρe′g . The renormalization of the crystal

field splitting ∆′ is non-monotonic in doping x.
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restrict the system to the uniform PM state by setting yiα↑ = yiα↓ = yα. This variational

procedure is most conveniently implemented in the Gutzwiller approximation where the

effect of projection is taken into account by the statistical weighting factor multiplying the

quantum coherent state [11, 12]. Specifically, we approximate the hopping term by

〈Ψ|a†iασajβσ|Ψ〉 = gt
ij,αβ,σ〈Ψ0|a†iασajβσ|Ψ0〉, (3.28)

where the Gutzwiller renormalization factor gt is then given by the ratio of the probabilities

in the hopping process in the projected state |Ψ〉 and the unprojected state |Ψ0〉. We find,

in general,

gt
ij,αβ,σ =

√

xixj

(1 − niασ)(1 − njβσ)
. (3.29)

It is important to note that in a multi-orbital system gt
ij,αβ,σ depends on the spin σ occupa-

tion of the orbitals on the sites connected by the hopping integral as seen in the denominator

in Eq. (3.29). The latter originates from the Pauli principle. It compensates for the effects

of “Pauli-blocking” of double-occupation by electrons in the same quantum states which

already operate in the free fermion slater determinant state Ψ0 on the right-hand side of

Eq. (3.28). While the numerator in Eq. (3.29), which equals to x in a charge uniform state,

describes the “Coulomb-blocking” due to the large on-site U and U ′. It turns out that the

denominator is crucial for carrier transfer and orbital-polarization in the strong-coupling

limit.

In the uniform paramagnetic phase, where niασ = nα/2 and xi = x,

gt
ij,αβ,σ = gt

αβ = 2x/
√

(2 − nα)(2 − nβ). (3.30)

The orbital occupations are variational parameters determined by minimizing the ground
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state energy of the renormalized Hamiltonian,

HGW =
∑

k,σ,αβ

gt
αβK

a
αβ(k)a†kασakβσ +

∑

k,α,σ

∆αa
†
kασakασ

+
∑

α

ǫα(
∑

k,σ

a†kασakασ − nα), (3.31)

where ǫα is the fugacity enforcing the equilibrium condition of orbital occupation nα =

∑

k,σ〈a
†
kασakασ〉 upon Gutzwiller projection [14,15]. It is determined by the self-consistency

equation

ǫα =
1

2 − nα

∑

k,β,σ

gt
αβK

a
αβ〈a†kασakβσ〉. (3.32)

The right-hand side of this equation is the derivative of the kinetic energy of band α with

respect to nα, and can be understood by the following argument. The transfer of a hole

from band α to β causes the respective bandwidths to decrease and increase by O(1/Ns).

However, the kinetic energies of the occupied states in each band are changed by order unity,

and this energy difference must be reflected in the equilibrium condition by an energy shift

ǫα. Thus in contrast to HF theory, there is no energy cost proportional to U . Instead, both

the band narrowing and the renormalization in the crystal field splitting ∆′ = ǫa1g
− ǫe′g

contribute to the redistribution of holes among the orbitals. In Figure 3.7, we show the

self-consistently determined band-narrowing factor ρα = gt
αα and the renormalization of

the crystal field splitting ∆′. For orbitals with a larger hole occupation, the bandwidth

reduction is smaller (1 > ρa1g > ρe′g) and the renormalized orbital level is lower (∆′ < 0),

resulting in the transfer of more holes into these bands. The combined effects cause the

holes to move out of the e′g band into the a1g band, i.e., na1g
= 1−x and ne′g = 0. Therefore,

the band-narrowing factor for a1g and e′g band, ρa1g
= 2x/(1 + x) and ρe′g = x respectively.

The renormalization of the crystal field split ∆′ is non-monotonic in doping x.
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Figure 3.9: Comparison of (a) experimental band structures [18] for x = 0.35, 0.48, and

0.75 with (b) LDA+large-U (Gutzwiller approximation) calculation [4] for x = 0.3, 0.5,

and 0.7.
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The calculated band dispersions and the FS topology at x = 0.3, 0.5, 0.7 are shown

in Figure 3.8. The corresponding non-interacting case is also shown for comparison. The

six hole pockets are completely absent due to strong correlation which pushes the e′g band

below the Fermi level, leading to an orbital polarized state with a single hexagonal Fermi

surface centered around the Γ point satisfying the Luttinger theorem. This, as well as

the band-narrowing due to strong Coulomb repulsion, is in very good agreement with the

photoemission experiments [16–18]. It is interesting to notice that our theory is even able

to capture the shape evolution of the FS: it is hexagonal at low doping x and becomes more

rounded at high x. The detailed comparison between ARPES t2g band structure and the

theoretic result is presented in Figure 3.9. The absence of the small FS pockets, which would

have contributed significantly to the density of states in band structure calculations, further

suggests that the large mass enhancement observed in the specific heat measurement [19]

is due to strong correlation. The DMFT calculation by Ishida et al. [3] leads to a contrary

conclusion where the e′g FS pockets become even larger in size than the LDA predictions

for both situations of JH = 0 and JH = U/4. However, a more recent DMFT calculation

by Marianetti et al. [21], using our LDA band structure, shows that the e′g FS pockets are

suppressed as the on-site Coulomb repulsion is increased.

3.2.3 Slave-boson formulation

In the previous subsection, we treat the strong electronic correlation by Gutzwiller approx-

imation, and found it plays an important role in understanding the electronic structure

of NaxCoO2. In the Gutzwiller approximation, the strong local Coulomb repulsion polar-

izes the orbital occupation and narrows the bandwidth, in very good agreement with the
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ARPES observations. In this subsection, we show analytically that the Gutzwiller approxi-

mation is in fact equivalent to the saddle point of the slave-boson path integral formulation

of Kotliar and Ruckenstein [13] extended to the case of multi-orbitals.

In the strong-coupling limit (U,U ′ → ∞ and JH → 0), the large local Coulomb repulsion

enforces the constraint of no doubly occupied sites,

∑

α,σ

a†iασaiασ ≤ 1, ∀i. (3.33)

The projected Hilbert space can be treated in the multi-orbital slave boson formalism by

writing

aiασ = ziασfiασ, ziασ =
e†ipiασ

√

(1 − p†iασpiασ)(p†iασpiασ)
, (3.34)

where fiασ is a spin-carrying fermion and ei, piασ are auxiliary bosonic operators acting

respectively onto the empty and singly occupied (with spin σ in orbital aα) electronic states

at site i. The validity of Eq.(3.34) in the band insulator (x = 1) limit can be simply verified.

At x = 1, ei = 1 and piασ=0, therefore 〈z†iασzjασ〉=1. Unphysical states can be eliminated

by imposing the set of constraints

e†iei +
∑

α,σ

p†iασpiασ = 1, ∀i (3.35)

p†iασpiασ = f †
iασfiασ, ∀i, α, σ, (3.36)

via Lagrange multipliers. The completeness constraint Eq.(3.35) implies the fact that no

more and no less than one of the seven possible states (one empty state and six possible

singly occupied states) must be occupied at each site. The second constraint Eq.(3.36)

equates the two ways of counting the fermion occupancy of a given spin and orbital. In

terms of Lagrange multipliers, the interacting Hamiltonian can be rewritten as

HI =
∑

i

λi0

(

e†iei +
∑

α,σ

p†iασpiασ − 1

)

+
∑

i,α,σ

λiασ

(

f †
iασfiασ − p†iασpiασ

)

. (3.37)
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We condense the boson fields at low temperature and focus on the uniform and non-

magnetic solutions with λi0 = λ0, λiασ = λα, ei = e, piασ = pα, and zα = e/
√

(1 − p2
α).

The mean field slave-boson formulation of the Hamiltonian in the {a} basis is

H =
∑

k,σ,αβ

zαzβK
a
αβf

†
kασfkβσ +

∑

k,α,σ

∆αf
†
kασfkασ (3.38)

+ λ0

(

e2 + 2
∑

α

p2
α − 1

)

+
∑

α

λα

(

∑

k,σ

f †
kασfkασ − 2p2

α

)

.

The constraints in Eq. (3.35) and Eq. (3.36) enforce

e2 = x, and p2
α =

1

2

∑

k,σ

〈f †
kασfkασ〉 =

1

2
nα. (3.39)

With this, the expression of zα becomes

zα =
√

2x/(2 − nα). (3.40)

Minimizing the Hamiltonian Eq.(3.38) with respect to e2 and p2
α, one obtains the self-

consistency equations for the Lagrange multipliers,

λ0 =
1

x

∑

k,σ,αβ

zαzβK
a
αβ〈f †

kασfkβσ〉, (3.41)

λα − λ0 =
1

2 − nα

∑

k,β,σ

zαzβK
a
αβ〈f †

kασfkβσ〉. (3.42)

At the saddle point of the slave-boson path integral formulation, the strong electronic

correlation has also two effects: it narrows the band by the factor ρα = z2
α, and renormalizes

the crystal field splitting by ∆′ = λa1g
− λe′g . Comparing the formula in the Gutzwiller

approximation and in the slave-boson formulation, one can clearly identify that

gt
αβ = zαzβ, and ǫα = λα − λ0. (3.43)

The band narrowing factor ρ in the slave-boson formulation (z2
α)is the same as the one in

the Gutzwiller approximation (gt
αα), and the renormalization of the crystal field splitting
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is also equivalent in these two ways of treating the strong electronic correlation, ∆′ =

λa1g
− λe′g = ǫa1g

− ǫe′g . Therefore, we have shown explicitly and analytically that the

Gutzwiller approximation is equivalent to the saddle point of slave-boson path integral

formulation.

3.3 Effective single-band model

We have shown in the previous section that the strong electronic correlation in NaxCoO2

renormalizes the bandwidths and the trigonal field splitting and drives the e′g1 band, which

associated with the FS pockets predicted by LDA, below Fermi level, leaving a single

band of mostly a1g character near the Fermi level. The resulting quasiparticle dispersion

and FS topology are in good agreement with ARPES observations over a wide range of Na

concentration [16–18] as well as in hydrated samples [20]. This justifies an effective minimal

single-band model for the basic low-energy physics, provided that the strong Coulomb

repulsion is included at the Co sites. This is described by the single-band Hubbard model,

H = H0 +HI . (3.44)

HereH0 is the tight-binding description of the LDA a1g band, andHI describes the Hubbard

physics on Co sites,

H0 =
∑

ij,σ

tija
†
iσajσ, HI = U

∑

i

n̂i↑n̂i↓. (3.45)

We note that, for a band of a1g symmetry, the hopping is isotropic, i.e., the hopping

integral is orientation independent. The tight-binding H0 of the effective single-band Hub-
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Figure 3.10: (a). LDA band structure along high symmetry lines (left panel) and the aligned

density of states (right panel) for the x = 1/3 cobaltate [5]. The a1g symmetry band is

emphasized with circles proportional to the amount of a1g character. The a1g density of

state is indicated by the darker line. (b). The band dispersion (left panel) at x = 1/3

and corresponding density of states (right panel) of the effective single-band tight-binding

model, which resembles the a1g band in LDA.
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bard model can be written in k-space as

H0 =
∑

k,σ

εka
†
kσakσ, (3.46)

where the dispersion of the free a1g electrons

εk = 2t1 [cos (k1) + cos (k2) + cos (k3)]

+ 2t2 [cos (k1 − k2) + cos (k2 − k3) + cos (k3 − k1)]

+ 2t3 [cos (2k1) + cos (2k2) + cos (2k3)] + · · · (3.47)

We adjust the chemical potential µ to satisfy the hole occupation 1−x. The hopping inte-

grals obtained from the fit with up to the third NN are t = (t1, t2, t3) = (−202, 35, 29) meV.

The dispersion of the tight-binding band at x = 1/3 and corresponding density of states

are shown in Figure 3.10(b), in comparison to the a1g band in LDA [5] [Figure 3.10(a)].

As one can see clearly, the tight-binding band describes the a1g band in LDA very well,

and produces a DOS quantitatively consistent with LDA result [the factor of 2 difference is

due to the spin degree of freedom considered in the DOS in Figure 3.10(b)]. The resulting

Fermi surface of the tight-binding band is circular, in contrast to the hexagonal FS of the

multi-orbital tight-binding model [see Figure 3.2(b)]. This weakens the nesting condition

of the a1g FS. In the rest of this thesis, we will adopt this minimal single-band model

in Eq. (3.44) and study the ferromagnetism, charge/spin order, and superconductivity in

NaxCoO2.
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Chapter 4

Stoner magnetism and kinetic

antiferromagnetism

As shown in the phase diagram in Figure 1.1(b), magnetism plays an essential role in

NaxCoO2 in the sodium rich region with x > 0.5. The metallic transport coexists with

a Curie-Weiss magnetic susceptibility leading to a novel “Curie-Weiss metal” for x > 0.5

[1]. Neutron inelastic scattering [2] and muon spin relaxation (µSR) experiments [3] find

enhanced low energy in-plane FM fluctuations and magnetically ordered states emerge for

x > 0.75. At x = 0.82, neutron scattering determined that in-plane FM order and inter-

layer AFM order develops below a three-dimensional Neel temperature TN = 20 K [4].

There is increasing experimental evidence for unexpected strong correlation effects as the

cobaltates approach the band insulating limit x = 1. Recent µSR experiments discovered

the emergence of AFM correlated magnetic clusters and localized magnetic moments for

x > 0.93 [5]. Interestingly, the high thermoelectric power of the sodium doped cobaltate

found in the sodium rich region is likely to have a related magnetic origin [6, 7]. The
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nature of the magnetism in the sodium rich region has been a focus of several theoretical

works [8–11].

In this chapter, we show that the description of the magnetism in the cobaltates, too,

requires a proper account of the large Coulomb repulsion U at the cobalt sites. First, a

weak-coupling HF calculation, which is in essence a LSDA+U calculation [12, 13], will be

carried out for a hole-doped (xh) and electron-doped (xe) a1g band on the 2D triangular

lattice. We find that, due to the large DOS of the cobaltates, the PM state is always

unstable and the ground state is a fully polarized ferromagnet at all doping for a U as

small as 2.2 eV. This disagrees with experiments that the in-plane FM order does not

emerge until x > 0.75 and that a single spin degenerate Fermi surface of the Luttinger

area is observed by ARPES for x < 0.72 [14–17]. We show that the weak-coupling Stoner

instability is unphysical when correlation is strong. Using a strong-coupling Gutzwiller

projection approach, we show that the Stoner criterion is strongly renormalized and the

spin dependent self-energy scales with the average kinetic energy instead of U . The PM

phase is in fact stable against itinerant FM in the doping regimes 0 < xe < 0.64 and

0.935 < xh < 1, outside which in-plane FM order emerges. The presence of the DOS peak

near the a1g band top due to further neighbor hoppings is important for the emergence the

in-plane FM order in the sodium rich region, in the sense that the FM order is completely

suppressed in the entire electron-doped regime by strong correlation for a band with only

the first NN hopping [9].

The spin-unrestricted Gutzwiller projection approach is further applied to investigate

the itinerant FM and AFM on a 2D square lattice in connection to the magnetic properties

of the hole- and electron-doped high Tc cuprates. For a particle-hole symmetric band with
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only the first NN hopping t, the PM state is unstable with respect to both AFM and

FM in the vicinity of half-filling, while the disappearance of AFM and FM at x ≃ 0.13

and x ∼ 0.33, respectively, agrees quantitatively with Kotliar and Ruckenstein’s large-U

result [18]. The system has a tendency towards FM since the FM state is found to be much

lower in energy than the AFM state, in accordance with the Nagaoka theorem [19]. Then,

we include the second NN hopping, t′ = −t/3, which breaks the particle-hole symmetry

and increases significantly the DOS at Fermi level of the hole-doped systems. As a result,

the AFM and FM are both strongly enhanced in the hole-doped regime: the AFM phase

survives to xh ∼ 0.35, and the PM state is unstable to the FM state in the entire hole-

doped regime. The FM state again has a much lower energy than that of the AFM state,

and thus the ground state of the hole-doped Hubbard model on the square lattice is a fully

polarized ferromagnet in the limit of infinite-U . In the electron-doped regime, on the other

hand, the FM order is completely prevented and the energy gain of the AFM state with

respect to the PM state is largely restrained, notwithstanding that the AFM order extends

to xe ∼ 0.23. It is remarkable that the shape of the DOS and the behavior of FM order

on the square lattice with t = −3t′ is similar to that on the triangular lattice with only

the first NN hopping, in spite of their completely different electronic structures. We argue

that the uniform magnetic susceptibility is solely a function of the non-interacting DOS.

We start with the minimal single-band Hubbard model justified in the previous chapter

for the relevant low-energy quasiparticle band,

H =
∑

i,j,σ

tija
†
iσajσ + U

∑

i

n̂i↑n̂i↓, (4.1)

where U is the on-site Coulomb repulsion and tij is the hopping integral between site i and

j on the 2D lattices, triangular for cobaltates and square for cuprates. The Hamiltonian
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Eq. (4.1) is in the hole-picture when the system is electron-doped, while it is in the electron-

picture for the hole-doped system. The electron- and hole-picture are connected to each

other via a particle-hole transformation, as shown in the previous chapter. For convenience,

in rest of this chapter, we use xe and xh to denote electron- and hole-doping concentration

respectively, while x stands for both. In the hole-picture, a†iσ creates a spin-σ hole on

lattice site i. The hole density operator n̂iσ = a†iσaiσ, and niσ = 〈n̂iσ〉, ni = ni↑ + ni↓ =

1 − xie. Whereas, in the electron-picture, a†iσ is the electron creation operator, and n̂iσ is

the electron density operator. The hole-doping concentration xih = 1 − ni. We adjust the

chemical potential µ to satisfy the occupation n. Under the particle-hole transformation,

the Hubbard term is invariant, while the hopping term changes its sign. Therefore, the

hopping integrals in the electron-picture effectively has an opposite sign to their values in

the hole-picture.

Due to the small direct Co-Co overlap and the large U (∼ 5 eV), the AFM superexchange

J in the cobaltates is small [20], consistent with the value J ∼ 5 meV determined by inelastic

neutron scattering [4], and will not be considered here. We consider collinear spins only,

Sz
i = (ni↑ − ni↓)/2. (4.2)

The corresponding magnetization Mi = gSZ
i µB, and g = 2 for electrons. Due to the

geometric frustration, uniform collinear AFM order can not be established on the triangular

lattice. In this chapter, we consider uniform FM on the triangular lattice, while both

uniform FM and AFM are studied on the square lattice.
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4.1 Stoner magnetism: Hartree-Fock theory

We first study the magnetic properties of the the hole- and electron-doped a1g band on

triangular lattice within the weak-coupling HF theory, where the Hamiltonian Eq. (4.1)

becomes

H =
∑

i,j,σ

tija
†
iσajσ +

∑

i,σ

Uniσ̄a
†
iσaiσ − U

∑

i

ni↑ni↓. (4.3)

The uniform states of interest on the 2D triangular lattice are the uniform PM and FM

phases, where niσ = nσ. We can therefore Fourier transform the Hamiltonian to the k-space

H =
∑

k,σ

E0
kσa

†
kσakσ − U

∑

k

n↑n↓, (4.4)

where εk is the dispersion of the non-interacting electrons expressed in Eq. (3.47), and

E0
kσ = εk + Unσ̄. To capture the a1g band in the LDA calculation, we consider up to the

third NN hopping and use (t1, t2, t3) = (−202, 35, 29) meV. The band dispersion at x = 1/3

and the corresponding DOS is shown in Figure 3.10(b). In the HF theory, the Hubbard

U shifts the band by a spin-dependent self-energy, Σσ = Unσ̄, which scales with U . As a

result, the band for spin-up and spin-down electron are no longer degenerate, separated by

an energy gap of −U(n↑ − n↓). The energy per site of a state with (n↑, n↓) occupation is

E =
1

N

∑

k,σ

εkf(E0
kσ) + Un↑n↓, (4.5)

where f(ω) = 1/
[

1 + e(ω−µ)/kBT
]

is the Fermi distribution function. On the right-band

side of the above equation, the first term is the kinetic energy, while the second term is the

energy penalty for double occupation.

In the uniform PM state, the kinetic energy in Eq. (4.5) is only a functional of the doping

concentration x, independent of the Coulomb repulsion U . Therefore, at a fixed x, the PM
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Figure 4.1: Stoner magnetism in the HF theory of a 2D triangular lattice a1g band with

hopping integral t = (−202, 35, 29) meV. (a). The U dependence of state energies for

electron-doped (xe = 0.4) and hole-doped (xh = 0.6) system. EPM is the uniform PM state

energy, while EGS is the energy of the ground state, which has a uniform FM moment MGS.

(b). Magnetic phase diagram in the plane of Hubbard U versus doping x. Uc1 marks the

magnetic transition from PM state to FM state, and in the hole-doped region, Uc2 is where

the FM order reaches the fully polarized value, as shown in the left panel of Figure (a).

The Stoner instability U∗
c is also shown in the phase diagram.
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state energy (EPM) is linear in U , as shown in Figure 4.1(a) for a hole-doped (xh = 0.6,

left panel) system and an electron-doped (xe = 0.4, right panel) system. At a sufficient

U , the energy penalty for double occupation in the uniform PM state, 1
4
U(1 − x)2, is too

costly, and the system would rather develop a fully spin-polarized state to avoid double

occupation. The ground state is obtained by minimizing the state energy in Eq. (4.5)

through a variational approach. Figure 4.1(a) shows the ground state energy (EGS) and

the corresponding FM moment (MGS) as a function of U . Clearly, FM order develops at

Uc1. The established magnetism is a fully polarized FM in the xe = 0.4 system, while in

the xh = 0.6 system, it is a partially polarized FM, which increases gradually and reaches

its fully polarized value at Uc2. Thus, the magnetic transition at Uc1 is first order in the

former system, and second order in the latter system. The U evolution of the ground

state is calculated at all doping concentration to obtain the magnetic phase diagram of the

cobaltate in the HF theory, shown in Figure 4.1(b). We find that the behavior shown in

Figure 4.1(a) is typical for all electron-doped and hole-doped systems.

The itinerant FM in the weak-coupling HF theory is due to the Stoner instability, i.e.,

the divergence of the uniform susceptibility of the interacting electrons,

χ =
χ0

1 − 1
2
UN0

F

, (4.6)

at U∗
c = 2/N0

F . Here χ0 and N0
F is the uniform susceptibility and the DOS at Fermi level

of the non-interacting electrons. For the a1g band, the doping x dependence of U∗
c is also

plotted in Figure 4.1(b). The FM order emerges at a Uc1 before the Stoner instability,

where the uniform susceptibility χ is already large enough to unstablize the uniform PM

state and develop a FM order. Uc1 and U∗
c have a similar doping dependence. In the

hole-doped system, they have a “V” shape behavior with the dip at xh ∼ 0.6. Whereas, if
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electrons are doped into the system, they first increase gradually, saturate around xe = 0.4,

and then decrease quickly due to the sharp increase in N0(EF ) in the sodium rich region,

tied to the flat top of the a1g band. At electron-doping xe = 0.95, the on-site Coulomb

repulsion Uc1 required to fully polarize the spins in the system is as small as 0.15 eV.

The weak-coupling HF theory predicts a fully polarized FM state at the entire electron-

and hole-doped region for a Coulomb repulsion U greater than a value near 2.2 eV. This

is apparently inconsistent with experiments where in-plane FM order does not develop in

the sodium doped cobaltates until xe > 0.75. The LSDA+U theory accounts the on-site

Coulomb repulsion U essentially within the HF theory, and leads to a similar conclusion

[12, 13]. The failure of the HF or LSDA+U theory lies in the spin-dependent self-energy

correction that scales with U . This is unphysical for a U larger than the bandwidth.

For example, for a large U , the system can simply avoid paying the energy penalty for

double occupation in Eq. (4.5) by reverting to a fully spin-polarized state that involves

only the kinetic energy. This is the physics behind the Nagaoka theorem [19]: on square

lattices, the ground state of the infinite-U Hubbard model doped with a single hole is a

fully polarized FM. At finite hole density, the Nagaoka state is lower in energy than the

Gutzwiller projected PM state at low doping [18]. Interestingly, on the triangular lattice

the kinetic energy is frustrated in the sense that hopping around an elemental triangle picks

up a negative sign, the Nagaoka state is not the ground state for a single hole [21]. To

study FM at finite electron doping, we consider the strong-coupling limit captured by the

projection of double occupation.
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4.2 Renormalized Stoner theory: Gutzwiller approx-

imation

To make analytical progress in the strong-coupling limit, we treat the removal of double

occupation by Gutzwiller projection in the grand canonical ensemble where the projected

single-band wavefunction can be written as

|Ψ〉 = PG|Ψ0〉, (4.7)

PG =
∏

i

y
n̂i↑

i↑ y
n̂i↓

i↓ (1 − n̂i↑n̂i↓). (4.8)

Here |Ψ0〉 is an un-projected Slater determinant state, and PG is the Gutzwiller projec-

tion operator that removes the double occupancy from the non-interacting state |Ψ0〉. yiσ

is a spin-dependent local fugacity that maintains the equilibrium of the local densities

upon projection. The GA is then equivalent to minimizing the energy of the renormalized

Hamiltonian,

HGA =
∑

i,j,σ

gt
ij,σtija

†
iσajσ +

∑

i,σ

ǫiσ(a†iσaiσ − niσ), (4.9)

where the Gutzwiller renormalization factor is given by the ratio of the hopping expectations

in the projected state |Ψ〉 and the un-projected state |Ψ0〉,

gt
ij,σ =

〈Ψ|a†iσajσ|Ψ〉
〈Ψ0|a†iσajσ|Ψ0〉

≃
√

xixj

(1 − niσ)(1 − njσ)
. (4.10)

The ǫiσ is determined self-consistently by ∂〈HGA〉/∂niσ = 0,

ǫiσ =
1

(1 − niσ)
Kiσ − ǫi0, ǫi0 =

1

x

∑

σ

Kiσ, (4.11)

where Kiσ is the local kinetic energy of spin-σ electrons

Kiσ =
1

2

∑

j

gt
ij,σtij〈c†iσcjσ + h.c.〉. (4.12)
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Physically, ǫiσ is the local kinetic energy per doped spin-σ electron measured relative to

the average over both spins, ǫi0. The difference between ǫi↑ and ǫi↓ splits the spin-up and

spin-down bands, giving rise to the magnetization.

4.2.1 Triangular lattice: ferromagnetism

Since AFM is frustrated on the triangular lattice, the natural uniform states are PM and

FM states, where niσ = nσ, gt
ij,σ = gt

σ, ǫiσ = ǫσ. The renormalized Hamiltonian becomes

HFM =
∑

kσ

Ekσa
†
kσakσ −

∑

kσ

ǫσnσ, (4.13)

where

Ekσ = gt
σεk + ǫσ (4.14)

is the renormalized, spin-dependent quasiparticle dispersion, and εk is the non-interacting

band dispersion. The kinetic energy of the spin-σ electrons in Eq. (4.12)

Kiσ = Kσ =
∑

k

gt
σεkf(Ekσ). (4.15)

The ground state of the Hamiltonian in Eq. (4.13) is usually obtained in a self-consistency

way. For a given system with occupation 1− x, one starts with an initial guess of {nσ, ǫσ},

then calculates the corresponding spin-dependent quasiparticle dispersions Ekσ. From these

one evaluates a new set of {nσ, ǫσ} and starts again. This procedure is then repeated until

convergence is reached. During each step of the iteration, the chemical potential µ is

adjusted to satisfy the occupation. However, we encountered some difficulties in the self-

consistency procedure. First, if there are more than one local energy minimum in the

variational space, where the self-consistency calculation converges to highly depends on

the initial parameters. It is quite easy to be trapped by a locally stable state, instead
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of going to the ground state with the lowest state energy. One thus need to repeat the

calculation with all kinds of initial conditions to confirm the ground state. In addition, if

the ground state is on the boundary of the phase space, i.e., the fully polarized FM state

in this case, ∂〈H〉/∂nσ is not necessarily equal to zero, and therefore the self-consistency

equation for ǫσ in Eq. (4.11) may not hold anymore.

To avoid above problems in the self-consistency procedure, we use an alternative vari-

ational trial wavefunction approach to search for the stable ground state with the lowest

energy. The trial wavefunction |Ψt〉 is obtained by solving the trial Hamiltonian

Ht =
∑

kσ

(gt
σεk − σhz)a

†
kσakσ, (4.16)

where hz is an external magnetic field along the collinear spin direction, and serves as the

variational parameter. For a specific system (εk and x are given), |Ψt〉 is completely deter-

mined by the magnetic field hz, which splits the spins and has a one-to-one correspondence

to the FM order parameter M . Therefore, the trial wavefunction is a unique functional of

M , |Ψt〉 = |Ψt(M)〉. Consequently, the energy of the system described in Eq. (4.13)

EFM(M) = 〈Ψt(M)|HFM|Ψt(M)〉, (4.17)

is also a functional of M . One can scan the external magnetic field hz to map out the

complete EFM(M) curve. EFM(0) corresponds to the uniform PM state energy and the

ground state is the one with lowest energy, EGS = EFM(MGS), where MGS is the FM order

parameter of the ground state. To gain more confidence on this procedure, we calculate

ǫσ by evaluating Eq. (4.11) in the trial wavefunction, and then define a residual magnetic

field ∆′ as

∆′ =
1

2
(ǫ↓ − ǫ↑) − hz. (4.18)
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A positive nonzero residual magnetic field, ∆′ > 0, further polarizes the spins and drive

the state towards fully polarized state, while a negative ∆′ will draw the state back to

the PM phase. Therefore, it is a stable state only if ∆′ cross zero with a negative slope,

corresponding to a local minimum in the EFM(M), as we will shown later. The local

maximum in EFM(M), on the other hand, occurs at the M where ∆′ cross zero with

a positive slope, and it is not a stable state. The situation is kind of different for the

fully polarized FM state with M = 1 − x, where a positive nonzero ∆′ simply pushes the

empty spin-band further apart from the Fermi level, leaving the state effectively unchanged.

Therefore, the fully polarized FM state is a stable state not only if ∆′ crosses zero with a

negative slope, but also if ∆′ > 0 at M = 1 − x, where ∂〈HGA〉/∂nσ 6= 0. For a system

where more than one stable states exist, one needs to compare their energies to determine

which one is the ground state.

Before presenting the numerical results, we would like to derive a renormalized Stoner

theory for the instability of the PM phase against uniform FM order in the strong-coupling

Gutzwiller approximation. We calculate the uniform magnetic susceptibility χ = ∂M
∂hz

|hz→0,

where M = (n↑ − n↓)µB is the magnetization due to an infinitesimal external magnetic

field hz. Including the hz-dependence of gt
σ and ǫσ, we obtain

χ =
χ0

1 −KFNF
, KF = − 2

1 + x

(

gtεkF
+

2

1 + x
K

)

, (4.19)

where NF is the renormalized DOS and KF measures the energy per electron at the Fermi

level. The latter plays the role of the effective interaction strength, replacing the Hubbard-

U in the Stoner susceptibility.

• t = (−202, 0, 0) meV
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F . DOS in Figure (a)
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We first study the FM on a triangular lattice with only the NN hopping, i.e., t2 and

t3 are set to be zero. The dispersion of εk and the corresponding non-interacting PM

DOS N0(ε) are shown in the left panel of Figure 4.2(a). The doping x dependence of the

non-interacting DOS at Fermi level, N0
F , is plotted in the left panel of Figure 4.2(b). The

particle-hole symmetry is broken on a triangular lattice even with only the NN hopping,

which leads to a van Hove singularity at xh ≃ 0.5. As a result, N0
F is much larger in the

hole-doped region than the value in the electron-doped region. The uniform susceptibility

χ of the strongly correlated electrons is calculated in the Gutzwiller PM phase, and its

doping x dependence is presented in the left panel of Figure 4.2(c). Clearly, χ is less than

zero in the hole-doped region, while it is positive in the electron-doped region, suggesting

a ground FM state in the hole-doped region and a PM ground state in the other region.

The discontinuity in χ at x = 0 is due to the particle-hole asymmetry.

We solve the ground state at all doping concentration through the variational trial wave

function approach. Indeed, the uniform PM phase is found to be the ground state in the

entire electron-doped region, while it is the uniform fully polarized FM phase in the entire

hole-doped region. In the hole-doped region, as shown in Figure 4.3(a) at xh = 0.01, the

energy per site EFM(M) of the trial wavefunction |Ψt(M)〉 decreases monotonically with

M , and the residual magnetic field ∆′ is always greater than zero (except at M = 0 where

∆′ ≡ 0), which further spin polarizes the system and drives the ground state towards the

fully polarized FM phase. On the other hand, the behavior of EFM(M) and ∆′ is reversed

in the electron-doped region, as shown in the left panel of Figure 4.3(b) at xe = 0.01,

which leads to a uniform PM ground state. The magnetization of the ground state, MGS,

is plotted in Figure 4.3(c) as a function of doping x, and the corresponding energy gain
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per site with respect to the uniform PM state, ∆EGS = EFM(MGS)−EPM, is shown in the

left panel of Figure 4.3(d). Clearly, the FM order is completely suppressed by the strong

correlation in the electron doped triangular lattice with only the NN hopping, while the

fully polarized FM order develops in the entire hole-doped region. This result is consistent

with recent dynamic mean field theory calculation [9]. The different behavior encountered

is a consequence of the larger non-interacting DOS at Fermi level, N0
F , in the hole-doped

triangular lattice than in the electron-doped one.

• t= (−202, 35, 29) meV

Now we turn to the case of NaxCoO2 by setting (t1, t2, t3) = (−202, 35, 29) meV, which

describes well the dispersion and the DOS of the LDA a1g band, as shown in the right

panel of Figure 4.2(a). The second and third NN hoppings, t2 and t3, create a flat top

of the a1g band, which gives rise to the sharp peak in N0
F near the band-insulating limit,

xe = 1, in addition to the van Hove singularity peak at xh ≃ 0.6, as shown in the right

panel of Figure 4.2(b). The nontrivial behavior of N0
F causes a complicated doping x

dependence of the uniform susceptibility χ of the interacting electrons. In addition to the

particle-hole asymmetry induced discontinuity at x = 0, which changes the sign of χ as

it cross x = 0, the uniform susceptibility χ in the right panel of Figure 4.2(c) diverges at

xh ≃ 0.93 and xe ≃ 0.66, corresponding to the renormalized Stoner criterion NFKF = 1.

The renormalized Stoner theory would expect FM order to develop in the sodium rich

region, in addition to the hole-doped region.

Similarly, we apply the variational trial wavefunction approach to map out the M

dependence of the state energy at each doping concentration. TheM dependence of residual

magnetic field ∆′ is also obtained at each x. The result at several hole- and electron-doping
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Figure 4.4: Kinetic FM in a (a) hole-doped and (b) electron-doped a1g band on a triangular
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concentrations are presented in Figure 4.4(a) and Figure 4.4(b), respectively. Let’s start

from the empty a1g band. When a small amount of electrons, says ne = 0.05 (xh = 0.95),

are introduced to the strongly correlated a1g band on the triangular lattice, the energy per

site of the trial state |Ψt〉 increases monotonically with M , and ∆′ is smaller than zero at

all nonzero M , which drives the ground state back to the uniform PM phase. There is a

sharp first order transition from the Gutzwiller PM state to the fully polarized FM state at

ne = 0.065 (xh = 0.935), beyond which EFM(M) decreases monotonically with M and ∆′ is

greater than zero at all nonzero M , as shown at ne = 0.1 (xh = 0.9) in Figure 4.4(a). The

behavior of EFM(M) remains the same as one populate the a1g band with more electrons

until ne = 0.82 (xh = 0.18), where the energy of the fully polarized FM phase starts to

turn upwards. At an electron density ne > 0.82 (xh < 0.18), the ground state becomes a
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partially polarized FM phase. Take ne = 0.9 (xh = 0.1) for example, the global minimum

in EFM(M) at MGS ≃ 0.75 marks the ground state, where ∆′ crosses zero with a negative

slope. The transition from fully polarized FM state to partially polarized FM state is second

order. The upturn in EFM(M) near fully polarized FM phase pushes the global minimum

towards the uniform PM phase. The uniform FM of the ground state at xh = 0.01 is

MGS ≃ 0.6, much smaller than its fully polarized value. We have difficulties in calculating

the magnetization at ne → 1 (xh → 0 and xe → 0), where the a1g is renormalized to a flat

band.

In the electron-doped region, ne > 1, the electron correlation suppresses the FM order

completely for a wide range of doping. EFM(M) increases monotonically with M , until

ne = 1.615 (xe = 0.615) where the energy of fully polarized FM state begins to turn

downwards, which creates a local maximum in EFM(M) where ∆′ crosses zero with a

positive slope. Now, the system have two stable states: the Gutzwiller PM state and the

fully polarized FM state. But the ground state is still the PM phase since it has a lower

state energy. At ne = 1.642 (xe = 0.642), the energy of the fully polarized FM state

reaches the value of the uniform PM state, which marks a first order transition from the

Gutzwiller PM state to the fully polarized FM state. The local minimum of EFM(M) at

M = 0 disappears at xe = 0.665, beyond which E(M) decreases monotonically with M

and the uniform PM state is not even a locally stable state anymore.

From above argument, one obtains the complete doping dependence of the ground state

magnetization MGS, see Figure 4.5(a), for the strongly correlated a1g band on the 2D

triangular lattice with (t1, t2, t3) = (−202, 35, 29) meV, and the corresponding energy gain

per site of the ground state with respect to the uniform PM state, ∆EGS = EFM(MGS) −
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EPM, is shown in Figure 4.5(b). The ground state is the fully polarized FM in the doping

range 0.935 ≥ xh ≥ 0.18 and 0.642 ≤ xe ≤ 1, partially polarized FM between 0.18 ≥ xh ≥

0, and uniform PM phase in the rest of doping concentrations. By comparing the result in

the case with only the NN hopping, one see clearly that the presence of the DOS peak near

the band top is important for the emergence of the in-plane FM order in the sodium rich

region. The overall phase structure in the electron-doped region agrees well with the the

neutron inelastic scattering [2] and µSR [3] experiments. The finding of the fully polarized

FM state at large xe is also consistent with the large FM moment of about 0.13µB per

Co site at xe = 0.82 observed by neutron scattering [4] where 0.18µB corresponds to a

fully polarized FM state. We obtained similar results from the three-band Hubbard model

for the t2g manifold, where the fully polarized FM state develops above xe ∼ 0.49 in the

electron-doped region. In conclusion, we have shown that the description of magnetism in

the cobaltates requires a proper account of the large Coulomb repulsion U at the cobaltate

sites. Furthermore, the FM order in the strong-coupling Gutzwiller approximation can be

described by a strongly renormalized Stoner theory.

4.2.2 Square lattice: ferromagnetism and kinetic antiferromag-

netism

By taking into account the projection of double occupation by the statistical weighting

factor in the Gutzwiller approximation, fully polarized FM order develops in the sodium

rich region of the cobaltates. This Gutzwiller approximation is equivalent to the saddle

point of the slave-boson path integral formulation in the large-U limit [18], where the

PM ground state is unstable with respect to both FM and AFM at a doping x less than
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0.35 and 0.11, respectively, on the square lattice with only the NN hopping. However, we

found that the behavior of magnetism in the Gutzwiller approximation is highly dependent

on the expression of the Gutzwiller factor. It turns out that there are several different

formulations of the Gutzwiller approximation with different Gutzwiller renormalization

factors, that agree for the PM state but are different for the magnetic states [22–27]. The

Gutzwiller approximation was firstly formulated by Ogawa et al. in 1975 to study AFM

in the Hubbard model on a square lattice. However, against their expectation, they could

not find out any AFM state which is lower in energy than the Gutzwiller PM state [22].

Ogawa’s formulation is based on the canonical ensemble with different spin densities before

and after the Gutzwiller projection. This Gutzwiller approximation was recently extended

to take into account the effects of inter-site correlations, besides the on-site densities [26].

The AFM state is found to be lower in energy than the PM state in the underdoped square

lattice t−J , in good agreement to the results of variational Monte Carlo calculations [28–30].

Our Gutzwiller approximation in Eq. (4.7), Eq. (4.8), and Eq. (4.10) was formulated in

the grand canonical ensemble that ensures the spin densities to be same before and after the

projection. It is equivalent to the saddle point of the slave-boson formulation [18], which is

shown to be exact in the limit of infinite dimensions [25]. It is therefore interesting to study

the magnetism on the 2D square lattice, using the Gutzwiller factor expressed in Eq. (4.10).

The 2D square lattice is a biparticle lattice, on which both FM and AFM order can develop

without frustration. We divide the phase space into FM and AFM subspaces. We first solve

the ground state of the large-U Hubbard model in each of these two subspaces, and then

compare their energies to determine the ground state of the entire phase space.

• Uniform ferromagnetism
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To study the uniform FM state on the square lattice, we replace the non-interacting band

dispersion εk in Eq. (4.13) by

εk = 2t[cos (kx) + cos (ky)] + 4t′ cos (kx) cos (ky), (4.20)

where t, t′ is the NN and second NN hopping integral, respectively. We consider the band

both without and with t′, with their dispersions εk and the corresponding non-interacting

PM DOS shown in the left and right panel of Figure 4.6(a), respectively. Figure 4.6(b) is the

non-interacting DOS at Fermi level N0
F . For a band with t′ = 0, the van Hove singularity

happens exactly at the band center, x = 0, which means that this band has the particle-hole

symmetry, i.e., the physical properties in a electron-doped system is equivalent to that in

the hole-doped counterpart with the same doping concentration. When the second nearest

neighbor hopping is considered, its value is usually taken to be t′ = −t/3, motivated by the

high-Tc cuprates. The van Hove singularity is pushed to the hole-doped region at xh ∼ 0.3,

which breaks the particle-hole symmetry. The calculated uniform susceptibility χ/χ0 is

plotted in Figure 4.6(c). For the t′ = 0 band, the susceptibility diverges at x ≃ 0.24 in

both the hole- and electron-doped region. Note that there is no discontinuity in χ at x = 0

because of the particle-hole symmetry. On the other hand, in the band with t = −3t′, there

is no divergence in χ, while χ changes its sign at x = 0 due to the discontinuity caused by

the particle-hole asymmetry. Next, we study the uniform FM on the square lattice via the

variational trial wave function approach.

t = 450 meV, t′ = 0: We first consider a band with only the NN hopping, t =

450 meV and t′ = 0. Figure 4.7(a) shows the M dependence of the FM state energy

per site relative to PM phase, ∆EFM(M) = EFM(M) − EPM, and the residual magnetic

field ∆ = 1
2
(ǫ↓ − ǫ↑) − hz, at several doping concentrations. Since there is particle-hole
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symmetry in this band, we use x for both xh and xe here. Near half-filling, EFM(M)

decrease monotonically with M and the ground FM state is the fully polarized FM. At

x ≃ 0.25, the PM state energy starts to turn downwards and it reaches the energy of

the fully polarized FM state at x ≃ 0.33, which marks a first order transition from fully

polarized FM state to PM state. Figure 4.7(b) shows the doping x dependence of the

ground FM state magnetization M∗, with the corresponding energy gain per site relative

to the uniform PM state, ∆E∗
FM = EFM(M∗) − EPM, plotted in Figure 4.7(c).

t = 450 meV, t′ = −150 meV: The second NN hopping suppresses completely

the FM order on the electron-doped square lattice, while it stabilizes the fully polarized

FM state in the entire hole-doped region. EFM(M) increases monotonically with M in

the electron-doped system, while it decrease monotonically in the hole-doped system. The

resulting doping x dependent the ground FM state magnetization is shown in Figure 4.8(c),

and the corresponding energy gain per site with respect to uniform PM state, ∆E∗
FM =

EFM(M∗) − EPM, is plotted in Figure 4.8(d).

Remarkably, the doping x evolution of the uniform FM order in the square lattice with

t = −3t = 450meV is quite similar to that in the triangular lattice with only the NN

hopping, though their band dispersions are completely different. We argue that this is

because the behavior of non-interacting PM DOS N0(ε) is similar for these two systems.

In the PM phase, the strong correlation just renormalizes the bandwidth by gt, and it does

not change the Fermi vector kF , which implies that f(Ek) = f(E0
k) at T = 0. Hence, the

kinetic energy k in Eq. (4.15) can be rewritten as a functional of N0(ε),

K = gt
∑

εkf(E0
k) = gt

∫ εkF

−∞
εN0(ε)dε. (4.21)
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Furthermore, we have

NF =
1

gt
N0

F =
1

gt
N0(εkF

), (4.22)

so that the integral of the non-interacting DOS and the interacting DOS are both equal

to 2. Therefore, the uniform susceptibility in Eq.(4.19) is purely a functional of the non-

interacting DOS N0(ε). In another words, the itinerant FM is a DOS effect, the behavior

of FM order is completely determined by the behavior of the non-interacting DOS N0(ε).

• Uniform kinetic antiferromagnetism

The uniform AFM state can be parametrized as usual by dividing the system into two

sublattices, A and B, with the densities on the sublattices related by nA↑ = nB↓ ≡ n1, and

nB↑ = nA↓ ≡ n2, with n1 + n2 = n = 1 − x. Putting the densities into the expression of

Gutzwiller factor, one get

gt
AA,↑ = gt

BB,↓ = x/(1 − n1) ≡ gt
11, (4.23)

gt
BB,↑ = gt

AA,↓ = x/(1 − n2) ≡ gt
22, (4.24)

gt
AB,↑ = gt

AB,↓ = x/
√

(1 − n1)(1 − n2) ≡ gt
12. (4.25)

The magnetization Ms = n1 − n2 is staggered, and we have ǫA↑ = ǫB↓ = ǫ1, ǫB↑ = ǫA↓ = ǫ2.

By defining the operator vectors

η†k↑ = (a†Ak↑, a
†
Bk↑), η†k↓ = (a†Bk↓, a

†
Ak↓), (4.26)

the renormalized Hamiltonian can be rewritten as

H =
∑

k,σ

η†kσMkηkσ − 2
∑

k

(ǫ1n1 + ǫ2n2), (4.27)
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where the Hamiltonian matrix

Mk =









gt
11t

′
k + ǫ1 gt

12tk

gt
12tk gt

22t
′
k + ǫ2









. (4.28)

Here tk = 2t[cos (kx) + cos (ky)] and t′k = 4t′ cos (kx) cos (ky). ǫ1 and ǫ2 is determined by

∂〈H〉/∂n1 = 0 and ∂〈H〉/∂n2 = 0 respectively,

ǫ1 =
1

(1 − n1)
K1 − ǫ0, (4.29)

ǫ2 =
1

(1 − n2)
K2 − ǫ0, (4.30)

ǫ0 =
1

x
(K1 +K2), (4.31)

where

K1 =
1

N

∑

k

[

gt
11t

′
k〈a†Ak↑aAk↑〉 +

1

2
gt
12tk〈a†Ak↑aBk↑ + H.c.〉

]

(4.32)

K2 =
1

N

∑

k

[

gt
22t

′
k〈a†Bk↑aBk↑〉 +

1

2
gt
12tk〈a†Ak↑aBk↑ + H.c.〉

]

(4.33)

is the kinetic energy per site of spin-up electrons on A and B sublattices respectively. The

difference between ǫ1 and ǫ2 is the driving force for AFM order.

Similarly, we apply a variational trial wave function approach to determined the lowest

energy AFM state, i.e., the ground AFM state. The staggered magnetizationMs dependent

trial wave function |Ψt(Ms)〉 is obtained by solving the trial Hamiltonian

Ht =
∑

k,σ

η†kσMkηkσ, (4.34)

with

Mk =









gt
11t

′
k − hs gt

12tk

gt
12tk gt

22t
′
k + hs









, (4.35)
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and the external staggered magnetic field, hs, serves as the variational parameter. We

scan the hs to map out the complete Ms dependence of the AFM state energy, from which

the ground AFM state is determined. At the same time, ǫ1, ǫ2 is evaluated in the trial

wavefunction, and we define the residual staggered magnetic field as

∆′
s =

1

2
(ǫ2 − ǫ1) − hs. (4.36)

The result in both the band without and with the second NN hopping t′ is summarized

in Figure 4.9. Figure 4.9(a) shows the Ms dependence of the AFM state energy per site

relative to the uniform PM state,

EAFM(MS) = 〈Ψt(Ms)|K1 +K2|Ψt(Ms)〉, (4.37)

and the residual magnetic field ∆′
s. The magnetization of the ground AFM state, M∗

s , is

plotted in Figure 4.9(b) as a function of doping x, and the corresponding energy gain per

site, ∆E∗
AF = EAFM(M∗

s ) − EPM, is shown in Figure 4.9(c).

t = 450 meV, t′ = 0: The band on square lattice with only the NN hopping has the

particle-hole symmetry. At x = 0.1, EAF(M) decreases slowly as Ms increase, saturates at

M∗
s ∼ 0.3µB, and then turns upwards quickly, giving rise to a shallow energy minimum.

The M∗
s reduces as one dopes carriers to the system, and completely disappears at x ∼ 0.13.

Because of the shallow energy minimum, the maximum energy gain in the AFM state is

very small, much smaller than the energy gain in the FM state. Therefore, the ground

FM state shown in Figure 4.7 is the ground state on the square lattice with only the NN

hopping.

t = 45 0meV, t′ = −150 meV: The Ms evolution of EAF and ∆′
s is shown in the

right panel of Figure 4.9(a) on a square lattice with the second NN hopping t′ = −t/3 at
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xh = 0.1 and xe = 0.1. The energy minimum at xh = 0.1 is much deeper than that at

xe = 0.1, though their M∗
s is similar. The ground AFM state magnetization M∗

s is nonzero

until xh ≃ 0.35 in the hole-doped system, while it vanishes at xe ≃ 0.23 in the electron-

doped region. The corresponding energy gain of the ground AFM state is about 10 times

larger in the hole-doped region. However, comparing this AFM result with the FM result

in Figure 4.8, one see clearly that the ground state is the fully polarized FM in the entire

hole-doped region. Whereas, in the electron-doped side, the ground state at xe < 0.23

is AFM state, since the FM order is completely suppressed by electron interaction in the

entire electron-doped region.

These results may be related to the different AFM behavior encountered in the hole-

doped and electron-doped cuprates, where the AFM superexchange J ∼ 120 meV is quite

large, and need to be considered. The large AFM J favors AFM order near half-filling,

in both the hole-doped and electron-doped region. The large itinerant FM fluctuation

will strongly suppress the AFM order, and make it disappear quickly in the hole-doped

cuprates. In the electron-doped cuprates, on the other hand, the kinetic AFM will enhance

the AFM order and help it survive at a much larger doping concentration.
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Figure 4.9: Kinetic FM on a square lattice with up to second NN hopping, t = 3t′ = 450

meV. (a) The Ms dependence of the energy per site relative to PM phase, ∆EAF(M) =

EAF(Ms) − EPM (black sold lines, left Y axis), and the residual staggered magnetic field

∆′
s (red dot-dashed lines, right Y axis), are shown for doping xh =0.01 and xe = 0.01. (b)

The doping x dependence of the magnetization in the AFM state with the lowest energy,

M∗
s . (c) The corresponding maximum energy gain per site in the AFM state space with

respect to the uniform PM state, ∆E∗
AF = EAF(M∗

s ) − EPM.
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T. Sasaki, S. Hébert, and A. Maignan, Phys. Rev. Lett. 92, 017602 (2004).

[4] S. P. Bayrakci, I. Mirebeau, P. Bourges, Y. Sidis, M. Enderle, J. Mesot, D. P. Chen,

C. T. Lin, and B. Keimer, Phys. Rev. Lett. 94, 157205 (2005).

[5] C. Bernhard, Ch. Niedermayer, A. Drew, G. Khaliullin, S. Bayrakci, J. Strempfer,

R.K. Kremer, D.P. Chen, C.T. Lin, and B. Keimer, arXiv:cond-mat/0701033 (2007).

[6] Y. Wang, N. S. Rogado, R. J. Cava, and N. P. Ong, Nature (London) 423, 425 (2003).

[7] M. Lee, L. Viciu, L. Li, Y. Wang, M. L. Foo, S. Watauchi, R. A. Pascal Jr, R. J. Cava,

and N. P. Ong, Nature Materials (London) 7, 537 (2006).

[8] J. O. Haerter, M. R. Peterson, and B. S. Shastry, Phys. Rev. Lett. 97, 226402 (2006).

104



[9] J. Merino, B. J. Powell, and R. H. McKenzie, Phys. Rev. B 73, 235107 (2006).

[10] M. M. Korshunov, I. Eremin, A. Shorikov, V. I. Anisimov, M. Renner, and W. Brenig,

Phys. Rev. B 75, 094511 (2007).

[11] M. Gao, S. Zhou, and Z. Wang, arXiv:0705.0529 (2007).

[12] P. Zhang, W. Luo, M. L. Cohen, and S. G. Louie, Phys. Rev. Lett. 93, 236402 (2004).

[13] L.-J. Zou, J.-L. Wang, and Z. Zeng, Phys. Rev. B 69, 132505 (2004).

[14] M. Z. Hasan, Y.-D. Chuang, D. Qian, Y. W. Li, Y. Kong, A. Kuprin, A. V. Fedorov,

R. Kimmerling, E. Rotenberg, K. Rossnagel, Z. Hussain, H. Koh, N. S. Rogado, M. L.

Foo, and R. J. Cava, Phys. Rev. Lett. 92, 246402 (2004).

[15] H.-B. Yang, S.-C. Wang, A. K. P. Sekharan, H. Matsui, S. Souma, T. Sato, T. Taka-

hashi, T. Takeuchi, J. C. Campuzano, R. Jin, B. C. Sales, D. Mandrus, Z. Wang, and

H. Ding, Phys. Rev. Lett. 92, 246403 (2004).

[16] H.-B. Yang, Z.-H. Pan, A. K. P. Sekharan, T. Sato, S. Souma, T. Takahashi, R. Jin,

B. C. Sales, D. Mandrus, A. V. Fedorov, Z. Wang, and H. Ding, Phys. Rev. Lett. 95,

146401 (2005).

[17] D. Qian, L. Wray, D. Hsieh, L. Viciu, R. J. Cava, J. L. Luo, D. Wu, N. L. Wang, and

M. Z. Hasan, Phys. Rev. Lett. 97 186405 (2006).

[18] G. Kotliar and A.E. Ruckenstein, Phys. Rev. Lett. 57, 1362 (1986).

[19] Y. Nagaoka, Phys. Rev. 147, 392 (1966).

[20] O. I. Motrunich and P. A. Lee, Phys. Rev. B 69, 214516 (2004).

105



[21] J.O. Haerter and B.S. Shastry, Phys. Rev. Lett. 95, 087202 (2005).

[22] T. Ogawa, K. Kanda, and T. Matsubara, Prog. Theor. Phys. 53, 614 (1975).

[23] F. C. Zhang, C. Gros, T. M. Rice, and H. Shiba, Supercond. Sci. Technol. 1, 36 (1988).

[24] W. Metzner and D. Vollhardt, Phys. Rev. B 37, 7382 (1988).

[25] F. Gebhard, Phys. Rev. B 41, 9452 (1990).

[26] M. Ogata and A. Himeda, arXiv:cond-mat/0003465 (2000).

[27] Q.-H. Wang, Z. D. Wang, Y. Chen, and F. C. Zhang, Phys. Rev. B 73, 092507 (2006).

[28] G. J. Chen, R. Joynt, F. C. Zhang and C. Gros, Phys. Rev. B 42, 2662 (1990).

[29] T. Giamarchi and C. Lhuillier, Phys. Rev. B 43, 12943 (1991).

[30] A. Himeda and M. Ogata, Phys. Rev. B 60, 9935 (1999).

106



Chapter 5

Charge and spin order in Na0.5CoO2

In this chapter, we focus on the insulating “0.5 phase” at x = 1/2. Since x = 1/2 is not

a natural commensurate filling on the triangular lattice, the insulating behavior is highly

unexpected. A series of experiments find the insulating state unconventional. While the

magnetic susceptibility shows two cusps at Tm1 = 88 K and Tm2 = 53 K, the in-plane

resistivity exhibits only a derivative feature at Tm1, followed by an asymptotic metal-

insulator transition below Tm2 [1], as shown in Figure 5.1. The insulating state has a small

optical gap of 15 meV [2, 3] and an anisotropic single-particle gap of ∼ 8 meV measured

by ARPES [4]. Electron diffraction [5,6] shows that Na orders into
√

3a× 2a (hereafter we

set a = 1) supercells below ∼ 300 K, suggesting that dopant order induced charge order

may play a role in the insulating behaviors [1,2,7]. However, NMR experiments show that

the Co valence exhibits small disproportionation with no appreciable change across the

metal-insulator transition [8]. Bobroff et al. proposed that the insulating state is a result

of successive SDW transitions due to the crossing of the FS with the orthorhombic zone

boundary of
√

3×2 Na order [8]. Recently, elastic neutron scattering discovered that AFM
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order occurs at Tm1 with a 2×2 hexagonal unit cell [9], as shown in the proposed structure

for the spin arrangement in Figure 5.2. The ordering vector is clearly incompatible with

and challenges the SDW scenario of Bobroff et al.

In this chapter, we study theoretically the electronic state at x = 0.5 [10]. We con-

sider the a single-band t-U -V model and study the interplay between the frustration of the

kinetic energy and the AFM spin correlations. Specifically, we extend the Gutzwiller ap-

proximation to the variational space spanned by spatially unrestricted and spin dependent

densities. We find that the tendency towards inhomogeneity due to strong correlation and

magnetic frustration work together to alleviate the AFM frustration and produce a class

of charge and spin ordered states. Hereafter, we use the terms inhomogeneity, charge and

spin order interchangeably to refer to a nonuniform electronic state where the densities of

charge and spin are spatially and periodically modulated. We shall show that, at x = 1/3,

the ground state has spontaneous
√

3 ×
√

3 charge and spin order even when V = 0. The

frustration is avoided as the AFM order develops on the underlying honeycomb lattice and

coexists with weak charge density modulations. At x = 0.5, we find that a large V is neces-

sary to destabilize the uniform PM phase towards a state with
√

3×1 charge and AFM spin

order. This state is close to a Wigner crystal with a large charge disproportionation and

a large insulating gap [11, 12], inconsistent with NMR [8], transport [1–3], and ARPES [4]

experiments. We show that, contrary to conventional expectations, the
√

3×2 Na order at

x = 0.5 induces a weak
√

3×1 charge order at high temperatures. The symmetry breaking

allows
√

3× 1 AFM order to develop at Tm1. Remarkably, the FS at x = 0.5 coincides well

with the 2 × 2 hexagonal zone boundary. This allows the 2 × 2 charge and spin order to

develop by umklapp scattering at a lower temperature Tm2. The truncation of the FS into
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Figure 5.1: The magnetic and in-plane resistive characterization of the phase transition in

Na0.5CoO2 below 100K [6].

Figure 5.2: Model of the spin arrangement in Na0.5CoO2 proposed by Gašparović et al. [9].

Moments are ordered into unfrustrated AFM chains that are AFM coupled and separated

by nonmagnetic chains.
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small electron and hole pockets marks the onset of the insulating behavior.

5.1 Charge and spin order without Na potential

We first study the case without Na potential, i.e. for an ideal Co triangular lattice. We

begin with the one-band t-U -V model

H =
∑

ij,σ

tijc
†
iσcjσ + U

∑

i

n̂i↑n̂i↓ + V
∑

i>j

n̂in̂j

|~ri − ~rj |
(5.1)

where, c†iσ creates an a1g hole of spin σ, n̂i is the hole density operator, U and V are the

on-site and long-range Coulomb repulsion. From the LDA a1g band dispersion, the hopping

parameters are chosen according to tij = (−202, 35, 29) meV for the first, second, and third

NN respectively. The local electron doping density is given by xi = 1 − ni. The large-U

limit of Eq. (5.1) is usually treated in the Gutzwiller approximation (GA) [13, 14], which

corresponds to the saddle point of the slave-boson path integral formulation [15]. Since

the superexchange interaction is very small in the cobaltates due to the small bandwidth

and large-U , we neglect the AFM Heisenberg interaction [16] and consider magnetism of

the kinetic origin discussed in the last chapter. To encompass the Hilbert space with

inhomogeneous charge/spin densities, we adopt a spatially unrestricted GA described by

the renormalized mean-field Hamiltonian

HGA =
∑

ij,σ

gt
ij,σtijc

†
iσcjσ +

∑

i,σ

εiσ(c
†
iσciσ − niσ) + V

∑

i>j

n̂in̂j

|~ri − ~rj|
, (5.2)

where the Gutzwiller renormalization factor gt
ij,σ depends on the sites connected by the

hopping integral tij ,

gt
ij,σ =

√

xixj

(1 − niσ)(1 − njσ)
. (5.3)
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Figure 5.3: (a).
√

3 ×
√

3 charge and spin order at x = 1/3 and V = 0. The charge and

spin densities are x = (0.32, 0.36, 0.32) and Sz = (0.18, 0.00,−0.18). (b). Coincidence of

√
3×

√
3 zone boundary with the paramagnetic FS. (c). Intensity of the quasiparticle peaks

at the Fermi level.

The εiσ in Eq. (5.2) is a spin dependent local fugacity that maintains the equilibrium

condition and local densities upon Gutzwiller projection [17, 18]. It is determined by

∂〈HGA〉/∂niσ = 0. The local spin density is Sz
i = (ni↑ − ni↓)/2. If the charge density

is forced to be uniform, the solution of Eq. (5.2) gives a stable PM phase up to x0 ≃ 0.64

where a FM transition takes place, consistent with the result we presented in chapter 4.

The AFM order, typical of large-U systems at small x on bipartite lattices [15], is absent

due to geometrical frustration. We show below that this frustration can be alleviated by

forming inhomogeneous electronic states.

To this end, we consider large triangular lattices of 240 × 320 sites with 6 × 8 unit

cells wherein xi, niσ, and εiσ are allowed to have spatial variations. They are determined

self-consistently by standard iterations.
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Figure 5.4: Quasiparticle dispersion (a) and average DOS (b) of the
√

3 ×
√

3 charge and

spin ordered state at x = 1/3 and V = 0. Figure (c) and (d) shows the LDOS of site 1

and site 2 marked in Figure 5.3(a) respectively. The LDOS of site 3 can be obtained by

Switching the spins of site 1.
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5.1.1 Spontaneous charge and spin ordering at x = 1/3

First let’s consider the case at x = 1/3. It is remarkable that even for V = 0 the ground state

has spontaneous
√

3×
√

3 charge and spin order displayed in Figure. 5.3(a). Frustration is

alleviated as AFM moments reside on the underlying unfrustrated honeycomb lattice. The

tendency to avoid AFM frustration is materialized because the FS at x = 1/3 coincides with

the
√

3×
√

3 BZ boundary, as shown in Figure. 5.3(b), such that weak charge order develops

by the “umklapp” scattering and anisotropic gapping of the FS shown in Figure 5.3(c). In

this ordered state, the spin/charge order have the same unit cell, and same Bragg spots

in the static spin/charge correlation functions. We find that charge and spin sectors are

coupled in the sense that the removal of inhomogeneity in either will reinstate the uniform

PM phase. This state is thus different from the
√

3 ×
√

3 charge ordered state proposed

by Motrunich and Lee [19, 20] near x = 1/3, which is a Wigner crystal due to Coulomb

jamming under a large V , which involves no spin ordering and has a large insulating gap. In

contrast, our charge and spin ordered state has a very small (∼ 30 meV) insulating gap at

V = 0, as shown in the quasiparticle dispersion from the spectral intensity in Figure 5.4(a),

and in the average DOS in Figure 5.4(b). The band gapping is not symmetric near the

Fermi energy in the sense that the the Fermi energy is not at the middle of the energy

gap, similar gapping behavior was observed in the checkerboard ordered CDW state tied

to the Lomer-Rice-Scott Fermi surface instability [17]. The LDOS of the Co site 1 and

site 2 marked in Figure 5.3(a) is shown in Figure (c) and (d). The LDOS of Co site 3 can

be obtained by switching the spins of site 1. The charge disproportionation is about 12%

at V = 0. It increases gradually with increasing V and approaches the
√

3 ×
√

3 Wigner

crystal state with AFM on the underlying honeycomb lattice. We point out that such a

113



0.2

0.3

0.4

0.5

0

0.2

0.4

0.6

0.8

0 0.5 1 1.5 2

-0.2

0

0.2

i = 1
i = 2
i = 3

0 0.3 0.6 0.9

-0.2

0

0.2

V = 0 U = 1eVa). b).

lo
ca

l x
i

lo
ca

l x
i

lo
ca

l S
i

lo
ca

l S
iz

U (eV) V (eV)

z

Figure 5.5: Charge and spin order in the weak-coupling HF theory at x = 1/3. (a). At

V = 0, the U dependence of local electron doping and spin density at three sites marked in

Figure 5.3. (b). At U = 1 eV, the V dependence of local electron doping and spin density.

spin/charge ordered state has not yet been observed at x = 1/3, most likely because of

the Na dopant disorder [21]. Indeed, we find that a disordered Na potential of moderate

strength destroys the long-range order.

Since the spin/charge ordered state at x = 1/3 filling of the triangular lattice in strong

correlation limit is a new quantum state, we are interested in its fate in the weak-coupling

approaches. The weak-coupling HF theory calculation for the single-band t-U -V model is

thus carried out at x = 1/3. For V = 0, we find the ground state is the
√

3 ×
√

3 charge

and spin ordered states displayed in Figure 5.3(a) at sufficiently large U . Figure 5.5(a)

shows the U dependence, at V = 0, of the local electron doping and spin density at the

three sites marked in Figure 5.3(a). The ground state state is the uniform PM phase for

U ∼< 1 eV, above which the ground state becomes the
√

3 ×
√

3 charge and spin ordered

states. Note that the charge and spin density order develop together at a critical Uc ∼> 1
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eV. The charge disproportionation and the size of the AFM on the honeycomb lattice

increase with the Hubbard-U increasing, and eventually the system becomes a classical

Wigner crystal with double occupation at very large U . At U = 1.1 eV, the local electron

doping x = (0.32, 0.36, 0.32) has the same amount of variation as that in the state of strong-

coupling Gutzwiller approximation, whereas, the local spin density Sz = (0.12, 0,−0.12)

is much smaller. The AFM order is more favored in the strong-coupling limit since it can

gain more kinetic energy by renormalizing the hopping processes. With this understand-

ing, we conclude that the results we obtained in the weak-coupling HF theory and the

strong-coupling Gutzwiller approximation are consistent, though the AFM order is further

enhanced by the renormalized kinetic energy in the Gutzwiller approximation. The spon-

taneously charge and spin ordered state at x = 1/3 cannot be an artifact of the Gutzwiller

approximation. The long-range Coulomb repulsion V stabilizes the
√

3 ×
√

3 charge and

spin ordered state. Figure 5.5(b) shows the V dependence of local electron doping and spin

density at the three inequivalent sites, at U = 1 eV where the spontaneous
√

3×
√

3 charge

and spin order has not established yet. A sufficiently large V , V ∼> 0.5 eV, drives the

ground state to the
√

3×
√

3 charge and spin ordered state. Note again that ordering takes

place in the spin and charge sectors simultaneously. Both short- and long-range Coulomb

repulsions (U and V ) are the driving forces for charge and spin ordering in the HF theory.

It will be interesting to examine whether enhanced charge and AFM fluctuations in

proximity to the ordered state can lead to superconductivity. Baskaran [22] suggested that

the hydration process is important in the sense that H2O stabilizes superconductivity and

discourages charge order. Hydrogen bonded H2O dipoles of the ice layers screen and frus-

trate charge order condensation energy. That is, they effectively screen out short range
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Figure 5.6: (a).
√

3 × 1 charge and AFM spin order at x = 0.5 and V = 1.5 eV . The

charge and spin densities x = (0.05, 0.95, 0.05) and Sz = (0.48, 0.00,−0.48). (b). The

corresponding quasiparticle dispersion shows a large insulating energy gap.

repulsions, and enable the physics of a simple t-J model to be realized in the vicinity, such

as superconductivity. Kuneš et al [23] proposed that the fundamental problem at x = 1/3

can be considered as the behavior of AFM correlated spins of the half-filled underlying

honeycomb lattice. Spin correlations and quantum fluctuations on the honeycomb lattice

have been studied by Moessner et al [24] based on the quantum dimer model, where singlet

pairing regimes indeed are found in which the magnetizations is strongly reduced. By con-

sidering the metallic nature of NaxCoO2, Kuneš et al [23] further argued that the processes

of doping away from x = 1/3 by additional electrons and holes are different. They con-

cluded that superconductivity can be realized only in the x < 1/3 regime with a spin-triplet

pairing symmetry, but not in the x > 1/3 regime.
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5.1.2 AFM Wigner crystal state at x = 0.5

Next we turn to x = 0.5, where the uniform PM FS also coincides well with the 2 × 2

reduced BZ boundary. However, the uniform PM state is found to be stable in the large-U

limit for small V < Vc, Vc ≃ 1.35 eV. For V > Vc, we find a first order transition to

an inhomogeneous state with charge/spin order. Figure 5.6(a) shows that, at V = 1.5

eV, the moments are ordered into unfrustrated AFM chains that are AFM coupled and

separated by nonmagnetic chains. This state is driven by strong long-range Coulomb

V and stabilized by AFM spin correlations. The charge density has a
√

3 × 1 unit cell

with strong disproportionation close to the Co3+/Co4+ configuration, resulting in a large

charge gap (∼ 1.3 eV), shown in the quasiparticle dispersion presented in Figure 5.6(b).

Indeed, similar
√

3×1 “AFM Wigner crystal” was recently proposed [12] and independently

investigated by variational Monte Carlo on frustrated lattices [11]. The weak-coupling HF

theory calculation is also performed at x = 1/2, which comes to the same conclusion that

the off-site Coulomb repulsion V is needed to stabilize the state shown in Figure 5.6(a).

The reason why there is no spontaneous charge and spin ordering at x = 0.5 is due

to the fact that x = 0.5 is not a natural commensurate filling on the triangular lattice.

As we have shown, the charge and spin sectors are coupled in the absence of long-range

Coulomb repulsion V . Unlike the
√

3 ×
√

3 ordered state where AFM frustration can be

alleviated as AFM moments reside on the underlying unfrustrated honeycomb lattice, the

2 × 2 hexagonal superlattice, just like the original triangular lattice, has a strong AFM

frustration. Therefore, a 2 × 2 ordered state cannot develop spontaneously at x = 0.5,

though its uniform PM FS coincides with the 2 × 2 reduced BZ boundary. One would

consider the
√

3×1 AFM ordered state as the other candidate at x = 0.5, since its reduced
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Figure 5.7: The charge and magnetic Brillouin zones and Bragg peak locations of different

structures. Note the absence of Bragg spot atM1 for
√

3×1 AFM order. (2×2)h corresponds

to the hexagonal magnetic zone and Bragg spots of the state shown in Figure 5.9(c). Also

shown in the lower right panel is the ratio of magnetic Bragg intensity at M1 and M2 point

in the temperature-evolution state at x = 0.5 shown in Figure 5.10.

BZ is same as the one of the 2 × 2 ordered state, as shown in Figure 5.7. However, a

spontaneous
√

3 × 1 AFM ordered state cannot establish itself at x = 0.5 either, because

it breaks the three-fold symmetry of the triangular lattice.

It is important to note that while the
√

3 × 1 AFM order can be described by a unit

cell that is equivalent to the 2 × 2 hexagonal unit cell deduced from neutron scattering,

the structure factor is different and the magnetic Bragg peaks shown in Figure 5.7 (green

squares) has only two-fold symmetry. This differs from the hexagonal Bragg peaks observed
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in neutron scattering, unless 120 degree orientated domains of equal contribution are present

[9]. For this reason, we will continue to refer to this spin pattern as
√

3 × 1 AFM order

[see also Figure 5.9(b)] and reserve the term 2 × 2 hexagonal unit cell for a state with

hexagonal Bragg peaks [see Figure 5.9(c)]. In view of the experimental findings of weak

charge disproportionation by NMR [8], and small insulating gaps by transport, optics, and

ARPES [1,2,4], we conclude that this state, though indicative of the structure of the AFM

order by avoiding frustration via inhomogeneity, cannot describe the x = 0.5 phase of the

cobaltates.

5.2 Role of Na order at x = 0.5

The above results obtained in the absence of the Na potential point to the important but

subtle role played by the Na dopants. The effect of the Na dopant potential is to add

Vdopant(i) = Vd

NNa
∑

I=1

n̂i
√

|~rI − ~ri|2 + d2
z

(5.4)

to Eq. (5.2), where Vd is the potential strength and dz ≃ a is the setback distance of Na to

the Co plane. Including carrier screening of the dopant potential, we set V = 0.2 eV and

Vd = 0.5 eV in the calculation. The Gutzwiller renormalized mean-field theory in Eq. (5.2)

enables the calculation of the free-energy at finite temperatures.

5.2.1 Electron diffraction of Na0.5CoO2

Electron diffraction has shown that, below about 300K, Na orders into
√

3× 2 superlattice

structures in Na0.5CoO2 [5, 6]. Figure 5.8(a) shows the electron diffraction patterns for

Na0.5CoO2 in the (hk0) reciprocal lattice planes at room temperature. These patterns, and
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Na (z=1/4)

Co (z=1/2)

Na (z=3/4)

(a) (b)

Figure 5.8: The room temperature electron diffraction patterns of Na0.5CoO2 in the (hk0)

plane, which shows the orthorhombic
√

3 × 2 superstructure of Na dopants [6]. (b).

Schematic top view of the Na order in Na0.5CoO2.

electron diffraction tilt series, show the presence of the basic hexagonal symmetry subcell,

arising from the two-layer CoO2 triangular network and the average Na distribution in the

γ−NaxCoO2 structure, and, in addition, the
√

3×2 orthorhombic superstructure of the Na

dopants. The schematic top view of the Na order is shown in Figure 5.8(b). This has led to

the notion of an induced
√

3× 2 electron charge order in the Co plane, which is ultimately

responsible for the insulating state at x = 0.5. Three remarks are in order. First, the

electrostatic potential from the off-plane ordered ionic dopants in transition metal oxides

is usually not strong due to screening by phonons, interband transitions, and the mobile

carriers. Thus, the induced charge order in the basal plane is at most moderate. Second,

as the temperature is lowered, FS stability may occur depending on the charge ordering

symmetry. The latter can be different from the symmetry of the dopant order. Due to the

fact that the zigzag chains of ordered Na dopants above and below a Co layer are staggered,
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as shown in Figure 5.8(b), the superlattice potential felt by the electrons has a higher

symmetry and results in
√

3 × 1 charge order with a much elongated orthorhombic zone

than originally thought. Third, the breaking of the lattice symmetry makes it energetically

favorable to develop AFM order by alleviating frustration via weak charge inhomogeneity.

5.2.2 Magnetic transitions at x = 0.5

It turns out that the Na dopant order plays an important but subtle role at x = 0.5. We

present the temperature evolution of the self-consistently determined states in Figure 5.9,

and that of the charge and spin density in Figure 5.10(a). The corresponding temperature

dependence of the ratio of magnetic Bragg intensity atM1 point to the intensity atM2 point

is shown in the lower right panel of Figure 5.7. At a temperature kBT = 20 meV above Tm1,

marked in Figure 5.10(a), the electronic state shown in Figure 5.9(a) has weak
√

3×1 charge

order induced by the Na potential without magnetic order. Note that the charge modulation

shown in Figure 5.10(a) is weak (∼ 2%) and the FS in Figure 5.9(a) is not affected. Lowering

the intensity scale by four orders of magnitude reveals the weak band folding patterns along

the intersections of the FS with the
√

3×1 zone boundary. As the temperature is reduced,

we find an AFM transition at Tm1 marked in Figure 5.10(a), below which
√

3×1 AFM order

develops and coexists with the
√

3 × 1 charge order. This state is shown in Figure 5.9(b)

at kBT = 14 meV. The transition is primarily a spin ordering transition, involving small

changes in the charge disproportionation, ∼ 3% from Figure 5.10(a). This is consistent

with NMR measurements [8]. Remarkably, Figure 5.9(b) shows that the FS at x = 0.5

coincides well with the hexagonal magnetic zone boundary. However, since the structure

factor of the
√

3 × 1 AFM order breaks the hexagonal symmetry, the vertical sections of
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Figure 5.9: The self-consistent states at x = 0.5 for three different temperatures (a) T = 20

meV, (b) T = 14 meV, and (c) T = 0. First column: charge/spin ordering patterns and

the unit cells. Second column: FS without thermal broadening showing the anisotropic

gapping of the FS. Third column: FS when intensity scale is reduced by four orders of

magnitude showing the band folding along zone boundaries of corresponding charge/spin

order.
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the FS remain intact as the scattering between them is switched off by the absence of the

magnetic Bragg peak at M1 in Figure 5.7. Thermal broadening and the 120◦ domains

may further weaken the features of Tm1 in resistivity, optics, and ARPES measurements.

Nevertheless, the FS topology change due to the emergence of electron-like FS pockets

leads to the reduction and sign change in the Hall coefficient observed below Tm1 [1].

Reducing the temperature further, we find a second transition marked as Tm2 in Fig-

ure 5.10(a) associated with additional symmetry breaking. Below Tm2, small magnetic

moments develop at the Co(2) sites. They are coupled ferromagnetically as shown in Fig-

ure 5.9(c) at T = 0. Below Tm2, the charge and spin densities in Figure 5.10(a) are all

different on the three inequivalent Co sites. Hence the ground state has charge and spin

order with identical 2 × 2 hexagonal unit cell. Moreover, the Fourier transform of the

spin density has now hexagonal Bragg peaks in a single domain (see Figure 5.7) of similar

weight at low temperatures. As a result of the combined 2 × 2 charge/spin order, the

umklapp scattering destroys almost the entire FS as shown in Figure 5.9(c), leading to the

onset of the metal-insulator transition below Tm2. The residual electron and hole-like FS

pockets have six-fold symmetry with a two-fold anisotropy and provide an explanation for

the existence of small FS pockets observed by Shubnikov-de Haas oscillations [25]. The low

temperature insulating behavior develops by the localization of the electronic states on the

small FS pockets, such that the insulating state has a nonzero density of states, and in this

sense, a pseudogap. We emphasize that the most important character of the transition at

Tm2 is the emergence of small FM moments at Co(2). Its ordering direction should not

be taken literally since it is specific to the restriction to collinear spins in the Gutzwiller

approach. The FM moment on Co(2), collinear with the AFM moments on Co(1) and
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Co(3), causes magnetic frustration and leads to an imbalance of the AFM moments shown

in Figure 5.9(c). In fact, it is more energetically favorable for the small FM moment to

point orthogonal to the AFM moment so as to avoid frustration of the in-plane AFM order.

The physics of the second transition is, however, unchanged. The small FM moments have

been observed by NMR experiments [26,27] as associated with the 53K transition, but they

may be too small to have been detected in the neutron scattering experiments [9].

The transition temperatures Tm1 and Tm2, the size of the moments, and the insulating

gap will depend on microscopic details and vary when Na is replaced by other isoelectronic

atoms such as potassium in K0.5CoO2. However, the phase structure discussed here is

expected to be universal of the cobaltate family at x = 0.5. Replacing sodium by potassium

will expand the cobaltate along c−axis significantly, from ∼11 Å to ∼12.5 Å, which result

a larger setback distance dz, or effectively a smaller potential strength Vd, in our theoretic

model. Figure 5.10(b) shows the temperature evolution of charge and spin density for

V = Vd = 0.2 eV. One can see clearly that the overall phase structure is indeed same as the

result for V = 0.2 eV and Vd = 0.5 eV in Figure 5.10(a). The two transition temperatures,

Tm1 and Tm2, both become smaller, in good agreement with experiments [28].

In conclusion, we have shown that the unconventional insulating state at x = 0.5 is a

result of the interplay among strong correlation,
√

3 × 1 weak charge order induced by Na

dopant order, AFM order by alleviated frustration, and the overlap of the FS with the 2×2

hexagonal magnetic zone boundary. A single band t-U -V model including the Na dopant

potential for the electron doped, hole-like Co a1g band on the triangular lattice captures

the basic physics of the charge and spin order of the “0.5 phase”.

124



0.46

0.47

0.48

0.49

0.5

0.51

0.52

-0.08

-0.04

0

0.04

0.08

0.12

0.16

0 6 12 18 24
0.47

0.48

0.49

0.5

0.51

-0.08

0

0.08

0.16

0.24

Temperature (meV)

E
le

ct
ro

n 
D

op
in

g

x

T

x

S

x

S

z

Sz

T

z

m2 m1

1

1

2

2

3

3

Spin D
ensity

x2
Sz

1
x3

S2
z

x1

3
zS a)

b)

Figure 5.10: Temperature evolution of charge (electron doping) and spin densities at three

sites marked in Figure 5.9 for (a) V = 0.2 eV, Vd = 0.5 eV and (b) V = Vd = 0.2 eV. The

spin/charge ordering transitions are marked by Tm1 and Tm2.
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Chapter 6

Superconductivity and pairing

symmetry

The recent discovery of 5 K superconductivity in NaxCoO2 · yH2O (x ≃ 0.35, y ≃ 1.3) [1]

has been a major breakthrough in the search of novel layered transition metal oxide su-

perconductors besides the cuprates. The crystal structure of NaxCoO2 · yH2O consists of

2D triangular CoO2 layers separated by “thick” insulating layers of Na+ ions and H2O

molecules. The intercalation of H2O molecules leads to a significant increase in the c-axis

lattice constant, which is believed to enhance the two dimensionality of the compound.

Guided by analogy with the cuprates, Takada et al. [1] were led to suggest that this system

may be understood in terms of doped AFM on triangular lattice, which may well be related

to RVB states. Immediately after the discovery of superconductivity in NaxCoO2 · yH2O,

the symmetry of superconductivity has been studied by many experimental measurements.

While some controversial results exist, most of them have indicated a non-s-wave uncon-

ventional superconductivity. On the theoretic side, a large number of theories have been
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proposed for the superconductivity in NaxCoO2 ·yH2O, including the RVB superconductiv-

ity of a doped Mott insulator, charge fluctuation mediated superconductivity in the vicinity

of charge density wave (CDW) state, and those based on the nesting condition of the e′g FS

pockets predicted by LDA band calculation. So far, there is no generally accepted theory,

since each of them agrees with only some subset of the available experimental data.

In this chapter, we first investigate pairing symmetries, up to the f -wave, between

the first, second, and third NN sites, regardless of their mechanisms. We find that the

d+id-wave superconductivity has some point nodes, where the gap function vanishes. In

particular, the second NN d+id-wave gap function has an accidental degeneracy with a cir-

cular PM FS at x ≃ 0.19 (x ≃ 0.25 for a hexagonal PM FS), resulting a perfect “V” shaped

DOS and a T 3 variation of the nuclear spin-lattice relaxation rate below Tc down to zero

temperature. The result is consistent with all available experimental data, and it breaks

the time reversal symmetry. Then, we propose a mechanism where superconductivity is

mediated by orbital fluctuation in the Co 3d6 state of the sodium doped cobaltates. We

argue that the energy level of S = 1 triplet 3d6 state, with one electron in the eg orbital,

is lowered by the trigonal field splitting and the Hund’s rule coupling JH , and thus need

to be considered in addition to the low-spin S = 0 singlet 3d6 state with t62g configuration.

We consider a s+d-wave symmetry of the S = 1 triplet state, the superconductivity me-

diated from the virtual hoppings has a corresponding s+d-wave symmetry with nodes in

the gap function. The s+d-wave superconductivity preserves the time-reversal symmetry

and, as expected, produces a partially gapped DOS and a T 3-dependent nuclear spin-lattice

relaxation rate below Tc. However, it breaks the six-fold symmetry of the triangular lattice.
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6.1 Brief review of previous work

We first review some of the experiments executed and theories proposed for the supercon-

ducting state in NaxCoO2 · yH2O.

6.1.1 Experimental measurements

The temperature dependence of the earlier NQR spin-lattice relaxation rate (1/T1) mea-

sured by Kobayshi et al. [2] in polycrystals show a coherence (Hebel-Slichter) peak just

below Tc, which indicates that the system is a fully gapped superconductor. On the other

hand, Zheng et al. [3,4] and Kato et al. [5] later reported an absence of the coherence peak

in 1/T1, and concluded that the system is a partially gapped superconductor. Further-

more, careful measurement by Zheng et al. [4] on high quality crystals find that, in the

sample with x ∼ 0.26 (Tc ∼4.6 K), 1/T1 shows a T 3 dependence below Tc and down to

T ∼ Tc/6, which indicates the presence of line nodes in the superconducting gap function.

However, for a sample with larger or smaller x, 1/T1 deviates from the T 3 variation below

T ∼2K even though the Tc (∼4.7 K) is similar, which suggests an unusual evolution of the

superconducting state. Specific heat measurements [6–8] add evidences for the anisotropic

pairing with line nodes. However, the 1/T1 and specific heat measurements cannot tell the

symmetry of the Cooper-pair.

NMR is known to be a powerful probe for investigating the pairing symmetry in the

superconducting state. Early measurements of the angle-averaged Knight shift in powder

samples have resulted in controversial conclusions. Kato et al. [5] and Higemoto et al. [9]

reported no change in the shift below Tc, while Kobayashi et al. [10] found a decrease

in the Knight shift. The former suggested triplet pairing, while the latter concluded to
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Figure 6.1: Temperature dependence of 1/T1 in NaxCoO2 · yH2O [4]. (a). Temperature

dependence of 1/T1 at x = 0.26. The arrow indicates Tc, and the straight line depicts the

T 3 variation. (b). A comparison of 1/T1 in the superconducting state for samples with

different Na concentrations. The inset shows the Na concentration dependence of Tc.

singlet pairing. The Knight shift (Ks) in the c-axis direction is essential to distinguish the

symmetry of the spin pairing. This is because even for triplet pairing, the in-plane spin

susceptibility can be reduced below Tc but that along the c-axis direction should remain

unchanged across Tc [11]. Therefore, measurements of the spin susceptibility via the Knight

shift in single crystals are required. Further NMR measurements on aligned small single

crystal platelets [12] and high quality single crystal [13] shown that the spin Knight shift

along both the a- and c-axis decreases below Tc, indicating unambiguously that the spins

that form the Cooper pairs in the superconducting NaxCoO2 · yH2O are anti parallel, i.e.

spin-singlet pairing.
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Moreover, it was found [9, 14] that the zero-field µSR rate is independent of the tem-

perature down to 2 K, indicating that no static magnetism appears in the superconducting

state within the experimental sensitivity. This result provides some evidence for the ab-

sence of time-reversal symmetry breaking in the superconductivity. Furthermore, an abrupt

change of slope in the temperature dependence of the upper critical field was observed in

a weak-field regime [15], in qualitative agreement with the results reported in specific heat

measurement [7]. The authors [15] suggest a scenario of magnetic field induced transi-

tion from singlet to triplet superconductivity: in a weak magnetic field the singlet pairing

takes place and sufficiently strong magnetic field drives the system into the triplet state.

The available experimental results so far, though do not provide solid evidence for any

particular pairing state, limit the superconductivity in NaxCoO2 · yH2O to few possibil-

ities: partially gapped singlet superconductivity with line nodes, and probably, without

time-reversal symmetry breaking.

6.1.2 Theoretical proposals

The triangular configuration of the CoO2 layer, which potentially has the possibility for

exhibiting unconventional superconductivity, has led to an unprecedented number of theo-

retical proposals for the pairing symmetry and pairing mechanism. There is no generally

accepted theory, since each of them agrees with only some subset of the available experi-

mental data. Here, we briefly review some of them.

It has been shown by a high-temperature expansion calculation [16] that the RVB

state may be realized in a electron doped t-J model on triangular lattice, provided t < 0.

This may suggest RVB theory as a straightforward explanation of the superconductivity
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in NaxCoO2 · yH2O. The t-J model on a triangular lattice has been extensively studied

by various groups [17–22]. However, every mean-field theory has concluded that the most

probable pairing state has a d+id-wave symmetry. This has been confirmed by a variational

Monte Carlo study [23] and high-temperature expansion study [24]. The d+id-wave super-

conductivity has a full gap and breaks the time-reversal symmetry, which contradicts the

available experimental results. In addition, the superconductivity in the NaxCoO2 · yH2O

at x ∼ 1/3 is far away from the vicinity of half-filling, the regime where RVB physics is

most relevant. Furthermore, because of the small value of the AFM superexchange J in the

cobaltates [19,25,26], the RVB superconductivity disappears before x ∼ 0.13 in an electron

doped a1g band [19].

Strong charge fluctuation near a charge density wave (CDW) state has the potential to

mediate superconductivity. It has been shown [27, 28] that f -wave triplet superconductiv-

ity is realized in the vicinity of CDW instability in NaxCoO2 · yH2O, due to its hexagonal

symmetry. Motrunich and Lee [21] achieved a
√

3 ×
√

3 CDW state at the commensu-

rate x = 1/3 via Coulomb jamming by including the nearest neighbor Coulomb repulsion

V , in addition to the Hubbard U . They have shown that the CDW state at x = 1/3

leads to a particularly strong bandwidth suppression, which may helps resurrect the RVB

superconductivity at x ∼ 1/3. In a recent work [29], by considering the strong-coupling

Gutzwiller approximation of a single-band Hubbard model, we have shown that there is a

spontaneous
√

3 ×
√

3 charge and spin density order at x = 1/3, with AFM spins residing

on the underlying unfrustrated honeycomb lattice.

Several other proposed theories [30–32] are based on the nesting condition of the e′g FS

pocket predicted by the LDA band calculation. In the spin channel, this nesting leads to
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strong FM spin fluctuations. However, different spin-triplet states have been suggested by

different groups. While Johannes et al. [30] argued that the state most compatible with the

nesting structure is an odd-gap triplet s-wave paired state, Kuroki et al. [31] found that

the dominant pairing has the spin-triplet f -wave symmetry. On the other hand, Ogata et

al. [32] claimed that both f - and p-wave pairing are almost equally favored. Given that the

e′g FS pockets are absent from ARPES measurement and in theories that include the effects

of strong electronic correlation at the Co sites, these theories are unlikely to be relevant for

the cobaltates.

In addition, Tanaka and Hu [33] proposed a chiral p-wave superconductivity for NaxCoO2·

yH2O, with a pairing process similar to that advanced for Sr2RuO4, but enjoys a further

advantage coming form the hexagonal structure of the Fermi surface which gives a stronger

pairing tendency. Khaliullin et al. [34] emphasized the importance of a spin-orbital in-

teraction intrinsic to the t2g electrons of Co4+ ions, which favors the spin-triplet pairing

state.

6.2 Paring symmetry and gap function

We start with a general Gutzwiller renormalized mean field Hamiltonian, which includes

both the spin-singlet and the Sz = 0 spin-triplet pairing,

H =
∑

ij,σ

gt
ij,σtija

†
iσajσ +

∑

i,σ

ǫiσ(a†iσaiσ − niσ) (6.1)

−
∑

i,j

Wij

[

(∆sin.
ij )∗(ai↑aj↓ − ai↓aj↑) + H.c.− |∆sin.

ij |2
]

+
∑

i,j

Wij

[

(∆tri.
ij )∗(ai↑aj↓ + ai↓aj↑) + H.c.− |∆tri.

ij |2
]

,
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where a†iσ creates an a1g hole of spin σ on Co site i. The local electron doping density is

given by xi = 1− ni. From the LDA a1g band dispersion, the hopping integrals are chosen

according to tij = (−202, 35, 29) meV for the first, second and third NN, respectively.

The Gutzwiller renormalization factor gt
ij,σ depends on the spin-σ occupations on the sites

connected by the hopping integral tij,

gt
ij,σ =

√

xixj

(1 − niσ)(1 − njσ)
. (6.2)

The ǫiσ in Eq. (6.1) is a spin dependent local fugacity that maintains the equilibrium con-

dition of local densities upon Gutzwiller projection. It is determined by ∂〈H〉/∂niσ = 0.

Wij is the effective strength for pairing between quasiparticles at site i and j. We do not

specify the pairing mechanism here, but treat W ’s as phenomenological interaction. We

consider pairing up to the third NN sites. A positive Wij corresponds to AFM spin corre-

lation and gives rise to a singlet pairing, while a negative Wij means FM spin correlation

and leads to triplet pairing. The singlet pairing order parameter ∆sin.
ij and triplet pairing

order parameter ∆tri.
ij are given by

∆sin.
ij = ∆sin.

ji = 〈ai↑aj↓ − ai↓aj↑〉, (6.3)

∆tri.
ij = −∆tri.

ji = 〈ai↑aj↓ + ai↓aj↑〉. (6.4)

The ground state is obtained by the standard self-consistency procedure, where all pair-

ing bonds are treated as independent variables. We note in passing that superconductivity,

either singlet or triplet, cannot coexist with magnetic order. In order to figure out all pos-

sible symmetries for pairings, we solve the singlet or triplet pairing state, controlled by the

sign of Wn, with only the first, second, or third NN pairing at x = 0.5 and W = ±100 meV.

We find out that, all pairing symmetry preserve the six-fold symmetry of the triangular
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Figure 6.2: Pairing bonds for the 1st-NN, 2nd-NN, and 3rd-NN pairing, and their corre-

sponding θij .

lattice by taking the form of

∆ij = ∆ℓ,ne
i(ℓθij+θ0)δ(|~ri − ~rj| − Rn), (6.5)

where Rn is the distance between nth NN sites, θij is the angle of the pairing bond ij

relative to a chosen angle reference, as shown in Figure 6.2, while θ0 is a global phase which

can be gauged away. Clearly, ℓ is the pair angular momentum, and ℓ = (0, 1, 2, 3, . . . )

corresponds to (s, p, d, f, . . . )-wave pairing. Because θij are integer multiple of π/3, the p-

and d-wave pairing are complex, and thus they are usually called p+ip- and d+id-wave

pairing.

6.2.1 Gap function and accidental degeneracy

It is convenient to Fourier transfer the Hamiltonian in Eq. (6.1) to k-space, which makes it

easier to study the coexistence and competition between different pairing symmetries, and

more importantly, to distinguish the pairing symmetries more clearly. In the uniform PM

phase where gt
ij = gt = 2x/(1 + x), ǫiσ = ǫ, the Hamiltonian becomes, using the expression
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Table 6.1: Gap function ∆ℓ,n(k) for the nth NN pairing with a pair angular momentum ℓ.

wave ℓ n gap function 1
2
∆ℓ,n(k)

1 cos ky + 2 cos
√

3
2
kx cos 1

2
ky

s 0 2 cos
√

3kx + 2 cos
√

3
2
kx cos 3

2
ky

3 cos 2ky + 2 cos
√

3kx cos ky

1
√

3 sin
√

3
2
kx cos 1

2
ky + i(sin ky + cos

√
3

2
kx sin 1

2
ky)

d+id 1 2 −
√

3 cos
√

3
2
kx sin 3

2
ky + i(sin

√
3kx + sin

√
3

2
kx cos 3

2
ky)

3
√

3 sin
√

3kx cos ky + i(sin 2ky + cos
√

3kx sin ky)

1 cos ky − cos
√

3
2
kx cos 1

2
ky + i

√
3 sin

√
3

2
kx sin 1

2
ky

p+ip 2 2 cos
√

3kx − cos
√

3
2
kx cos 3

2
ky − i

√
3 sin

√
3

2
kx sin 3

2
ky

3 cos 2ky − cos
√

3kx cos ky + i
√

3 sin
√

3kx sin ky

1 i(sin ky − 2 cos
√

3
2
kx sin 1

2
ky)

f 3 2 i(sin
√

3kx − 2 sin
√

3
2
kx cos 3

2
ky)

3 i(sin 2ky − 2 cos
√

3kx sin ky)

of the order parameters in Eq. (6.5),

H =
∑

k,σ

[

(gtεk + ǫ)a†kσakσ − 1

2
ǫ(1 − x)

]

(6.6)

−
∑

ℓ,n

(−1)ℓWℓ,n∆ℓ,n

{

∑

k

[

∆ℓ,n(k)a†k↑a
†
k̄↓ + H.c.

]

− 3∆ℓ,n

}

,

where εk is the noninteracting dispersion for the a1g band, and Wℓ,n is the effective strength

of the nth NN pairing with a pair angular momentum ℓ, and ∆ℓ,n(k) is the corresponding

complex gap function. The expression of ∆ℓ,n(k) is listed in in Table 6.2.1 for ℓ = 0, 1, 2, 3
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and n = 1, 2, 3. The corresponding nodes in the first Brillouin zone of each pairing symme-

try, where the gap function vanishes (∆ℓ,n(k) = 0), are shown in Figure 6.3. The f -wave

pairing has line nodes which intersect with the normal state FS at any doping concentra-

tion, and produces a partially gapped superconductivity. It is interesting to notice that

there are, too, circular nodes in the gap functions of s-wave pairing, and point nodes in

the gap function of p+ip- and d+id-wave pairing. The s-, p+ip- and d+id-wave pairings

give rise to fully gapped superconductors when the normal state FS does not intersect with

their nodes. However, when the normal state FS coincides with any set of the nodes in

the gap function, the DOS will be only partially gapped, and the superconductivity state

behaves as one with line nodes. We refer to this phenomena as the accidental degeneracy

of pairing nodes and the normal state FS.

We shall focus more on the spin-singlet d+id-wave pairing. The nodes in the gap

function for the first NN d+id-wave pairing are at the Γ, K, and M points of the Brillouin

zone, which cannot coincide with the normal state FS at any doping x. Next we consider

longer range pairing, in particular the second NN d+id-wave pairing, whose nodes consist

of the six corners of the
√

3 ×
√

3 reduced Brillouin zone, in addition to the Γ, K, and M

points. For the hexagonal FS we obtained in the three-band model, the normal state FS

intersects this set of nodes at electron doping x ∼ 0.25, as shown in Figure 6.3, while for the

circular FS in the single-band model, we find the accidental degeneracy occurs at electron

doping x ∼ 0.19. To illustrate the effects of the accidental degeneracy, we calculate the

DOS and the temperature evolution of the Knight shift and nuclear spin-lattice relaxation

rate

Ks = −
∫ ∞

−∞
N(E)

∂f(E)

∂E
dE,

1

T1
= −T

∫ ∞

−∞
N2(E)

∂f(E)

∂E
dE. (6.7)
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1st-NN
2nd-NN
3rd-NN

x = 0.25 hex. FS

l = 1 l = 1

l = 2 l = 3

s-wave p-wave

d-wave f-wave

Figure 6.3: The nodal points, lines and circles within the first Brillouin zone of the s-, p-

(p+ip-), d- (d+id-) and f -wave superconductivity on the first 3 neighboring bonds.
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Figure 6.4: The second NN d+id-wave pairing. (a). Temperature evolution of W∆ at

x = 0.19 and x = 0.5. The pairing strength is chosen as W (x = 0.19) = 80 meV and

W (x = 0.5) = 125 meV, such that the Tc at two dopings are not too different. (b). The

corresponding DOS at zero temperature. (c). The temperature dependence of Knight shift.

(d). The temperature dependence of unclear spin-lattice relaxation rate.
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at x = 0.19 and compare them to those at another doping away from 0.19. For the

latter, x = 0.5 is chosen to make the difference clearer. The paring strength is set to be

W = 80 meV at x = 0.19, and W = 125 meV at x = 0.5, so as to make the transition

temperature Tc not too different at these two dopings. In both cases, Tc ∼ 8 meV, as

shown in the temperature dependence of W∆ in Figure 6.4(a). Figure 6.4(b) shows the

tunneling DOS in the superconducting state at zero temperature at these two dopings.

The bandwidth of the a1g band is much wider at x = 0.5, which leads to an overall smaller

differential tunneling conductance than that at x = 0.19. Clearly, the DOS at x = 0.19 is

partially gapped and has a perfect “V” shape, much like a d-wave pairing state on a square

lattice, with a tunneling gap ∆T ∼ 18 meV. However, at x = 0.5, the DOS is completely

gapped at energies below ∆′
T ∼ 8 meV, above which the DOS restores the “V” shape

behavior. The model we studied here only considers the CoO2 layer, and thus we are not

able to calculate the c-axis Knight shift. The in-plane Knight shift, which is in essence the

spin susceptibility, is plotted in Figure 6.4(c). Above Tc, the Knight shift is temperature

independent. Below Tc, it is linear in T due to the nodes in the gap function at x = 0.19,

while it almost completely deviates from the T -linear variation at x = 0.5. Figure 6.4(d)

shows the temperature dependence of 1/T1. At x = 0.19, 1/T1 shows a T 3 dependence

below Tc down to zero temperature, and there is no coherence peak just below Tc. This 1/T1

behavior is the same as that reported by Zheng et al. [4] for a x = 0.26 sample. Note that

the accidental degeneracy happens at x ∼ 0.25 for a system with hexagonal FS. At x = 0.5,

1/T1 deviates from the T 3 variation below T ∼ 3 meV, and in addition, a small coherence

peak is observed just below Tc. This is because x = 0.5 is far apart from the accidental

degeneracy, and thus the full gap is quite large in energy, as shown in Figure 6.4(b). If we
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Figure 6.5: The doping x evolution of individual pairing ∆ℓ,n.

consider a doping closer to x = 0.19, the full gap will be much smaller, which suppresses

the coherence peak such that it is hard to be observed in experiments. Furthermore, the

T 3 dependence of 1/T1 will be restored to a much lower temperature. We have shown

that a dominant second NN d+id-wave pairing is very consistent with all experimental

data, except that it breaks the time reversal symmetry. The result for the third NN d+id-

wave pairing is similar, except that its accidental degeneracy happens at a higher doping

concentration. It would be very interesting to study whether the orbital current generated

at the impurity sites would be reduced by the node condition, and compare to the µSR

experiments.
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6.2.2 Competition and coexistence of pairing symmetries

With the general Hamiltonian in Eq.(6.6), one can study the competition and coexistence

of different pairing symmetries. Here, we present only a few of them. In the following

calculation, we set W = 100 meV when spin-singlet pairings are considered, and W = −100

meV for spin-triplet pairings. Notice the difference in the factors in front of t and the

pairing strength, if one plan to compare the following results to those reported by Wang

et al. [19]. The slave-boson theory used by Wang et al. renormalizes the hopping t by x,

while the current Gutzwiller approximation renormalizes the hopping t by the Gutzwiller

factor gt = 2x/(1 + x). In addition, a 3
8

decoupling is used by Wang et al.. There is a

doping dependent factor of 3/4(1 + x) difference in the ratio of t over the pairing strength.

The value of t and W considered here corresponds to t/J ∼ 1 at x = 0.5, if W were to be

taken as coming from the superexchange J .

Before studying the competition between different pairing symmetries, we first inves-

tigate the doping x evolution of each of the pairing symmetry, ∆ℓ,n, characterized by the

pair angular momentum ℓ and the index of the pairing bond n. Figure 6.5 shows that

∆0,1 decreases quickly with increase x and disappears at x ≃ 0.1, while the ∆0,2 and ∆0,3

survive to much higher doping, vanishing at x ≃ 0.4. The d+id-wave pairing behaves quite

similarly on the three bonds, and ∆2,3 becomes almost doping independent above x = 0.35.

∆1,1 is the strongest p+ip-wave pairing, its value at x = 0.5 is still quite appreciable, while

∆3,3 is the strongest f -wave pairing. In Figure 6.6(a), we show the competition and co-

existence of the singlet s-wave and d+id-wave pairing on the first, second, and third NN

bond respectively. Clearly, the d+id-wave is the dominant singlet pairing at all x, and

the s-wave pairing can coexist with d+id-wave pairing only in a narrow doping regime of
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Figure 6.7: Competition and coexistence of pairings on the first, second, and third bond

for the s-, d+id-wave, p+ip-, and f -wave pairing, respectively.
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x < 0.1. The competition and coexistence of triplet pairing is shown in Figure 6.6(b). On

the first NN bond, the p+ip-wave pairing is much stronger than the f -wave pairing, and the

latter disappears before x = 0.1; On the third NN bond, the p+ip-wave pairing is stronger

at a doping smaller than ∼ 0.1, but it decreases quickly and vanishes at x ∼ 0.15, beyond

which the f -wave pairing dominant; Interestingly, the two triplet pairings tie to each other

on the second NN bond and they disappear together at x ∼ 0.4. Moreover, the second

NN p+ip- and f -wave pairing prefer to have opposite signs. Figure 6.7 demonstrates the

competition and coexistence of pairings on the first, second, and third NN bond for the

s-, d+id-wave, p+ip-, and f -wave pairing, respectively. The triplet pairings are continuous

function of doping x, while there are some singularities in the singlet pairings.

6.3 Orbital fluctuation induced superconductivity

In NaxCoO2, the CoO6 octahedral field splits the Co 3d orbitals into energetically lower

t2g and higher eg manifolds, with a energy separation of ∼ 2.5eV. The trigonal field from

the octahedral tilt further splits both the t2g and eg manifold, giving rise to a smaller

energy gap between them. This energy gap is believed to prevent electrons from occupying

the eg orbitals, and lead to a low-spin, nonmagnetic t62g configuration for the Co3+ ion in

the completely electron doped NaCoO2. Removing some of the sodium induces holes and

the Co4+ sites are found in a t52g configuration with spin S = 1/2. Daghofer et al. [35]

emphasize that the orbital degree of freedom is important in the sodium rich region: The

Co4+ holes remove cubic symmetry at the six surrounding Co3+ ions; this splits the t2g

and eg manifolds (on top of the trigonal field splitting) and thus reduces the energy gap
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between the highest t2g and the lower eg orbitals. They argue that the energy gap can

actually become smaller than the Hund’s rule coupling JH , i.e., energy can be gained by

transferring one of the electrons from the highest t2g level into the lower eg orbital and

forming a S = 1 triplet with the remaining unpaired electrons. The condensation of the

S = 1 triplet state, spin-orbital polaron, was used to explain the large susceptibility and

intralayer FM in the sodium rich region by Daghofer et al. [35].

In this section, we argue that, though the energy gap between the highest t2g and the

lower eg orbitals is larger than JH near x = 1/3, the energy of the S = 1 triplet state is

close to that of the S = 0 singlet state (t62g configuration), and thus should be considered

as a relevant low-energy state. The Sz = 0 triplet state can be projected out since it does

not gain energy from the Hund’s rule coupling. Because the Hund’s rule coupling trying

to maximize Sz, the S = 1 triplet state we need to consider here is We demonstrate that

the orbital fluctuation mediates an nontrivial s+d-wave superconductivity, with a pairing

strength linear in doping x. The s+d-wave pairing partially gaps the DOS, and therefore

leads to a 1/T1 showing T 3 variation below Tc.

6.3.1 Two-boson single-band model

In chapter 3, it is shown that strong correlation renormalizes the trigonal field splitting and

bandwidths and drives the e′g band below Fermi level, leaving a single quasiparticle band

of mostly a1g character near the Fermi level. We thus start from a two-band model, which

includes the a1g band and the lower eg band, with an electron occupancy of (1 + x). We

stay in the electron-picture, where the lowest one-electron state is the a1g state (aσ). The

energy gap between the lower eg band and the a1g band is slightly larger than the Hund’s
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rule coupling JH . Therefore, the lowest two-electron state is the doubly occupied a1g state

with S = 0, while the S = 1 triplet state, with one electron in the a1g band and the other

electron in the lower eg band, is slightly higher in energy. By introducing a boson operator

A(Tσσ) for the S = 0(S = 1) two-electron state, the two-band model reduces to a two-boson

single-band model. The projected Hilbert space consists of aσ in the one-electron sector,

and A, Tσσ in the two-electron sector. In addition to the hopping process tija
†
iσAiA

†
jajσ,

there is a virtual hopping process involving the triplet state, τija
†
iσ̄AiT

†
jσσajσ, that can lower

energy of the system. The two-boson single-band model is described by

H =
∑

ij,σ

tija
†
iσAiA

†
jajσ +

∑

ij,σ

τija
†
iσ̄AiT

†
jσσajσ + ET

∑

i,σ

T †
iσTiσ (6.8)

+
∑

i

λi[
∑

σ

(a†iσaiσ + T †
iσσTiσσ) + A†

iAi − 1],

where ET > 0 is the energy level of the triplet Tiσσ state relative the the singlet A state,

and the Lagrange multiplier λi enforces the completeness of the Hilbert space on Co site i.

The local electron doping concentration

xi =
∑

σ

(na
iσ + 2nT

iσ) + 2nA
i − 1 =

∑

σ

nT
iσ + nA

i , (6.9)

with na
iσ = 〈a†iσaiσ〉, nT

iσ = 〈T †
iσTiσ〉, and nA

i = 〈A†
iAi〉. Both the singlet A and triplet Tiσ

keep track of the additional doped electrons.

Since ET > 0, all bosons globally condense into the singlet A state, Ai = A†
i =

√
xi,

and nT
iσσ = 0. Integrating out the triplet Tiσσ state, the Hamiltonian Eq. (6.8) becomes

H = H0 +H ′, (6.10)

H0 =
∑

ij,σ

√
xixjtija

†
iσajσ +

∑

i

λi(
∑

σ

a†iσaiσ + xi − 1), (6.11)

H ′ = − 1

ET

∑

iσ

∣

∣

∣

∣

∣

∑

j

√
xjτija

†
iσajσ̄

∣

∣

∣

∣

∣

2

. (6.12)
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It is an effective single-band model for the one-electron state aσ with a filling fraction of

(1 − x). H0 is the standard slave-boson formulation of the single-band Hubbard model,

while H ′ describes the effects of the orbital fluctuation, involving the triplet Tiσσ state. The

hopping integral tij , proportional to the overlap 〈aiσAj|Aiajσ〉, is isotropic, since both aiσ

and Ai states are isotropic on the triangular lattice. From the LDA a1g dispersion, its value

is chosen according tij = (−202, 35, 29) meV for the first, second, and third NN hoppings,

respectively. Similarly, τij ∝ 〈aiσ̄Tjσσ|Aiajσ〉. We consider only nearest neighbor τij . The

triplet Tiσσ state involving the a1g state and the lower eg state, which is a combination of

the 3dz2 and 3dx2−y2 orbitals. As shown in Figure 1.5(a), the 3dz2 orbital is isotropic in the

CoO2 layer, while the 3dx2−y2 orbital change sign under a 90◦ rotation. It is thus reasonable

to assume τij has a general s+d-wave symmetry,

τij = τs + τd cos (2θij), (6.13)

for NN sites 〈i, j〉. θij is the angle of the hopping bond ij relative to the angle reference,

see Figure 6.2. And τs(τd) is the s(d)-wave component of the hopping integral. The H ′

involves four fermion operators and can be decoupled into the pairing channel, and it

favors spin-singlet pairing. To illustrate the pairing symmetry, we Fourier transform H ′

into k-space.

6.3.2 Pairing symmetry and results

In k-space, H ′ can be rewritten as

H ′ = − 4x

ET

∑

q,σ

∑

kk′

τkτk′a†k+q,σakσ̄a
†
k′σ̄ak′+q,σ, (6.14)
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where

τk = τsαk + τdβk, (6.15)

and

αk = cos (ky) + 2 cos (

√
3

2
kx) cos (

1

2
ky), (6.16)

βk = cos (ky) − cos (

√
3

2
kx) cos (

1

2
ky). (6.17)

Referring to Table 6.2.1, it is clear that αk describes the symmetry of the first NN s-wave

pairing, while βk is the real part of the gap function of the first NN d+id-wave pairing.

Our first intention is to decouple H ′ in the individual s- and d-wave pairing channels

〈a†k+q,σa
†
k′σ̄〉 = (∆sαk + ∆dβk)δ(k + k′ + q), (6.18)

and then obtain the self-consistency equations by minimizing the Hamiltonian with respect

to ∆s and ∆d, respectively. Unexpectedly, ∆s and ∆d are coupled together in sense that
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the two self-consistency equations are identical

τs∆s +
1

2
τd∆d =

1

3

∑

k

(τsαk + τdβk)〈a†k↑a
†
k̄↓ + H.c.〉. (6.19)

The factor of 1
2

in front of ∆d is due to the fact that
∑

k α
2
k = 2

∑

k β
2
k = 3

2
. We conclude

that the pairing symmetry and the gap function are determined entirely by the symmetry

of τij . With this understanding, we simply decouple the orbital fluctuation term H ′ as

〈τka†k+q,σa
†
k′σ̄〉 = ∆τkδ(k + k′ + q), (6.20)

and obtain an effective mean-field Hamiltonian

H =
∑

k,σ

(xεk + λ)a†kσakσ +Nλ(x− 1) (6.21)

− 8x

ET
∆
[

τk(a
†
k↑a

†
k̄↓ + H.c.) − ∆

]

.

We note that the pairing strength is proportional to the doping concentration x. The

pairing symmetry is described by τk, which is a composition of s-wave and d-wave symme-

try. Figure 6.8 shows the nodes in τk at various τs/τd ratios. In the following numerical

calculation, we choose τs/τd = 0.1 and τd = 30 meV.

As the doping x is increased, the system has a dominant kinetic energy which discourages

superconductivity. On the other hand, the pairing strength also increases with doping, as

it is linear in x. The interplay of these two effects produces a dome shaped x evolution of

the pairing order parameter ∆, with a peak at x ∼ 0.2. Figure 6.9(a) shows the doping

dependence of x∆, which also has a dome shape. It has its maximum at x ∼ 0.35, and

then decreases for both underdoped and overdoped regime, in qualitative agreement with

the experimental results. The temperature dependence of ∆ at x = 0.35 is plotted in

Figure 6.9(b), showing a transition temperature Tc ∼ 14 meV. The corresponding zero
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temperature DOS at x = 0.35 is presented in Figure 6.9(c). It has a “V” shape structure

with two coherence peaks, due to the composition of s- and d-wave pairing symmetries. As

expected, below Tc and down to zero temperature, the Knight shift is T -linear dependent,

while 1/T1 shows a T 3 variation, and no clear coherence peak in 1/T1 just below Tc, as shown

in Figure 6.9(d). The pairing order parameter in the s+d-wave state is real, and thus the

superconducting state does not break the time-reversal symmetry. The results obtained

in this orbital fluctuation mediated s+d-wave superconductivity are compatible with all

available experimental data, though it can not explain the difference in 1/T1 behavior

between x = 0.26 sample and samples with all other dopings reported by Zheng et al. [4].

To distinguish the second NN d+id-wave pairing and the s+d-wave pairing, it is very

desirable to determine experimentally whether the superconducting state has a six-fold

symmetry.

153



Bibliography

[1] K. Takada, H. Sakurai, E. Takayama-Muromachi, F. Izumi, R. A. Dilanian and T.

Sasaki, Nature (London) 422, 53 (2003).

[2] Y. Kobayashi, M. Yokoi, and M. Sato, J. Phys. Soc. Jpn. 72, 2161 (2003).

[3] T. Fujimoto, G.-q. Zheng, Y. Kitaoka, R. L. Meng, J. Cmaidalka, and C. W. Chu,

Phys. Rev. Lett. 92, 047004 (2004).

[4] G.-q. Zheng, K. Matano, R. L. Meng, J. Cmaidalka, and C. W. Chu, J. Phys.: Condens.

Matter 18, L63 (2006).

[5] M. Kato, C. Michioka, T. Waki, Y. Itoh, K. Yoshimura, K. Ishida, H. Sakuria, E.

Taka Yamamuromachi, K. Takada, and T. Sasaki, J. Phys.: Condens. Matter 18, 669

(2006).

[6] B. Lorenz, J. Cmaidalka, R. L. Meng and C. W. Chu, Physica C 402, 106 (2004).

[7] H. D. Yang, J.-Y. Lin, C. P. Sun, Y. C. Kang, C. L. Huang, K. Takada, T. Sasaki, H.

Sakurai, and E. Takayama-Muromachi, Phys. Rev. B 71, 020504 (2005).

[8] N. Oeschler, R. A. Fisher, N. E. Phillips, J. E. Gordon, M. L. Foo, and R. J. Cava,

Chin. J. Phys. 43, 572 (2005).

154



[9] W. Higemoto, K. Ohishi, A. Koda, S. R. Saha, R. Kadono, K. Ishida, K. Takada, H.

Sakurai, E. Takayama-Muromachi, and T. Sasaki, Phys. Rev. B 70, 134508 (2004).

[10] Y. Kobayashi, M. Yokoi, and M. Sato, J. Phys. Soc. Jpn. 72, 2453 (2003).

[11] Y. Yanase, M. Mochizuki, and M. Ogata, J. Phys. Soc. Jpn. 74, 2568 (2005).

[12] Y. Kobayashi, H. Watanabe, M. Yokoi, T. Moyoshi, Y. Mori, and M. Sato, J. Phys.

Soc. Jpn. 74, 1800 (2005).

[13] G.-q. Zheng, K. Matano, D. P. Chen, and C. T. Lin, Phys. Rev. B 73, 180503 (2006).

[14] Y. J. Uemura, P. L. Russo, A. T. Savici, C. R. Wiebe, G. J. Mac-Dougall. G. M.

Luke, M. Mochizuki, Y. Yanase, M. Ogata, M. L. Foo, and R. J. Cava, arXiv:cond-

mat/0403031.
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